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Abstract

Financial crises appear to have long-lasting effects, even after the crisis itself
has past. This paper offers a simple explanation through Bayesian learning
from rare events. Agents face a latent and time-varying probability of economic
disaster. When a disaster occurs, learning results in greater effects on asset
prices because agents update their probability of future disasters. Moreover,
agents’ belief that the disaster risk is high can rationally persist for years, even
when it is in fact low. We generalize the model to allow for a noisy signal of
the disaster probability. This generalized model explains excess stock market
volatility together with negative skewness, effects that previous models in the

literature struggle to explain.

*We thank Domenico Cuoco, Tyler Muir, Sergio Salgado Ibanez, and participants at the Wharton
School and at the 2019 WFA meetings for helpful comments.



1 Introduction

Rare events are hard to learn about. While existing models use rare events to account
for the equity premium, high equity volatility, option prices, and the cross-section of
returns, they tend to abstract from the learning process. Yet the standard assumption
of rational expectations equilibrium, in which the agent operates under full informa-
tion, cannot be expected to hold for rare events. An economy with rare events and
incomplete information can differ in fundamental ways from an economy in which in-

formation is (unrealistically) perfect.

In this paper, we consider the point of view of a Bayesian investor who learns
about the probability of a rare event from realizations, and also from a noisy signal.
The underlying probability of the rare event varies over time, so that the agent does not
ever have full information about the rare event probability. Despite the complexity of
the problem, we can derive analytical solutions. These analytical solutions show that
learning can account for important aspects of the data that the full-information case
cannot. First, learning generates a greater equity premium, because the realization of
a disaster coincides teaches the agent that future disasters can occur. Embedding these
expectations into stock prices leads these to fall by still more. This is important because
a persistent criticism of rare events as an explanation of the equity premium is that
rare events are simply not large enough to generate the needed effect.[] Moreover, we
show that a stock price decline can substantially exceed that of consumption during a
disaster period, as shown in Muir| (2017)). Second, learning creates an extended recovery
from disasters during which valuations are depressed, and precautionary savings remain
high, possibly for years after the disaster has occurred. This effect is well-documented
in the literature (Reinhart and Rogoft, |2009).

Our analytical approach also allows us to incorporate the effect of noisy signals
concerning disaster. These noisy signals generate high volatility in stock prices, even
when disasters do not occur. Moreover, the signals generate relatively small disconti-
nuities in asset prices during normal times. The existence of such jumps is emphasized
in a large empirical literature that specifies a reduced-form model of the pricing kernel
(Broadie et al., 2007). They also explain a fact about aggregate market returns that
have remained out of reach of benchmark asset pricing models: negative skewness in

aggregate market returns.

1See Longstaff and Piazzesi| (2004) and Mehra and Prescott, (1988)).



Our contribution relates to several recent strands of literature. The idea of a dis-
aster that causes long-run effects through belief shifts is present also in [Hennessy and
Radnaev] (2016), Kozlowski et al.|(2018)), and Moreira and Savov| (2017)). [Hennessy and
Radnaev| (2016) focus on leverage effects in a production economy; Kozlowski et al.
(2018) focus on the riskless rate. In their paper, learning is non-Bayesian. Moreira
and Savov| (2017) introduce learning about crash risk to a setting with intermediated
assets; we show that some of their effects do not require an intermediary structure but
are present in a frictionless economy. These papers do not present analytical results
or discuss implications for skewness. The relation between learning and skewness is
present in work of [Schmalz and Zhuk! (2018)), who assume a partial equilibrium setting
and focus on the cross-section. Finally, our work addresses the question of whether
rationally anticipated learning has first-order effects. (Collin-Dufresne et al.| (2016]) and
Cogley and Sargent| (2008) offer different perspectives on this issue. We show that
learning can indeed generate an ex ante equity premium that is noticeably larger than

otherwise, when it is rare events that are the subject of the learning.

2 The Model

2.1 Endowment and preferences

We assume an endowment economy with an infinitely-lived representative agent. The
aggregate consumption (endowment) process is given by

d(]_f} = pedt + ocdBey + (7% — 1)dNy, (1)
where B¢y is the standard Brownian motion and Ny, is a Poisson process. The Brownian
motion pucdt+ocdBe; summarizes normal time consumption growth, while the Poisson
term (e=% — 1)dNy; captures disasters. The random variable Z; is the change in log
consumption when disasters occur. For tractability, we assume that Z; follows an
i.i.d process with distribution denoted by v. We use the notation FE, to denote the
expectation taken with respect to the distribution of v. The processes, B¢, Ny and
Z; are assumed to be independent. The intensity of Ny; equals Aj;. In what follows,
we will assume that, while the agent perfectly observes consumption, Ay, is latent. We

model the learning problem about \y; in next section.



We assume the representative agent has recursive utility with EIS equal to 1, and
use the continuous-time characterization of [Epstein and Zin| (1989) utility derived by
Duffie and Epstein| (1992):

Vi — max / F(Ca, Va)ds, 2)
t

where

€)= 801 = Vi (log i~ =

Here [ represents agent’s time-preference, and v is the risk-aversion. When ~ > 1,

log (1~ wv;)) . 3)

agents show preference for early resolution of uncertainty.

2.2 The processes for conditional jump intensity and learning

The conditional probability of disasters follows a Markovian regime switch model.
We assume that the agent learns the probability of disasters from the realization of
disasters. We also allow the agent to learn in another way: from signals. Because
disasters occur rarely, these signals could be quite important. A signal might, for
example, be a disaster realization elsewhere (if we consider this a model for the US

economy, it could be a realized disaster in a foreign country).

We model learning from signals by assuming a second Poisson process, Ny;. We use

Ao¢ to denote the jump intensity of Ny, at time tE] Define
Ao = [a Aai]
Furthermore, assume two states, so that
M= DEXTT ke{r, HY)
\; switches between M and A\ according to:

Pr (Arar = AN = M) = ¢ pdt

(4)
Pr (Arar = AN = M) = ¢ dt.

2This model assumes random arrival of a signal. Another interesting case is one in which the
signal arrives at fixed times (pre-scheduled announcements). We explore this case in a companion
paper (Wachter and Zhul, |2017]).



The physical probability of a switch is independent of information other than \;. More-
over, the \;-state and the \y-state are perfectly correlated, an assumption that we make
for simplicity. We assume that A > A\ > 0. | Note that state H is a high-risk state,
because this is where the probability of economic disaster is highest. While nothing in
our framework requires that A\J > AL > 0 (namely that signals are more likely when

disaster risk is high), we nonetheless make this intuitive assumption to fix ideas.

We use p; to denote agent’s posterior belief in the high-risk state, i.e.,
p; = Pr ()\t = )\H|]-"t) , (5)

where F; is agent’s information set up to the observation at time t. We define notation

for the agents’ posterior jump intensities.

(6)

We assume that the agent leans about the regime through the realization of rare events,
Ny; and Ny;. The following theorem gives provides the stochastic differential equation
that characterizes the evolution of the posterior probability a Bayesian agent assigns
on the high-risk state.

Theorem 1. The agent’s posterior belief in the high-risk state, p;, defined by ,

evolves according to

dpt = (9r—m — Pi-(Pr—L + Prm)) dt —i—fT (AMpe-) = A7) pt*dé

.

@y @
M — X\ (p,- M= X (-
(e (S et @
@3)

where ¢ = [1,1] T[]

30ur 2-state Markov-switching framework follows assumptions of Benzoni et al| (2011). The
literature on equilibrium models with learning about latent regimes include Lettau et al.[(2008]), David
and Veronesi| (2013), and [Dergunov et al.| (2018). The model is in contrast to that of |[Koulovatianos
and Wieland| (2011), who assume a transitory state for the disaster probability. Koulovatianos and
Weiland also focus on the case with time-additive, as opposed to recursive utility.

4For simplicity, we assume that all types of rare events are equally easy to learn about. An



Proof. See Appendix [A] O

What causes p; to vary? The first term @1) reflects the physical drift in regime.
Conditional on being in a low-risk state, the economy exists to the high state with
probability ¢, gdt; conditional on being in a high-risk state, the economy shifts to a
low-risk state with probability ¢, dt (this term appears with a negative sign because

it represents a decrease in p;). The shift in p, then represents a weighted average:

(1 =pe-)bromdt + p-(—Pu—r) dt = (P — Pi- (PH—L + Gr—m)) di

The terms (712) and (7]3) reflect learning from observations on the Poisson events.
Note that

(/_\<Pt) - )‘H)pt = ()\L - /\H)pt(l — Dt),

so these terms depend on the product of p;, with 1 — p;. Thus there is a nonlinear
effect of p; on learning. Learning is fastest when the agent is not certain, namely p; is

furthest away from 0 and from 1 (Veronesi, 1999).

The term (7]2) represents learning from the absence of Poisson shocks. This term
is negative because \;(p;) < M. When nothing happens, the agent shifts his belief
toward the low-risk stateﬂ Though it appears that there is no news, the agent is still

learning. In a precise sense, “no news is good news” (Campbell and Hentschel, [1992]).

Finally, (713) captures the direct learning from Poisson arrivals. If either shock
occurs, the agent updates the belief in favor of the high-risk state. Specializing to the
case of )\jL = 0, note that the agent updates her probability from p, to 1 should shock

N; occur.

interesting extension would be to allow some events to be easier to learn about than others. This
might explain differential responses of risk premia to wars versus financial crises (Muir}, [2017)).

®Note that the process Ni; + No; is itself a Poisson process with conditional jump intensity given
by ¢T A;. When there is no Poisson arrival from Ni; or Nog, the agent learns as if there is no Poisson
arrival from Ni; + No;.



Note that, we can also rewrite (7)) as

dpy = ¢r—u — pr- (Pa—L + Prm)) dt
)\H _ )\L B
+ (g) pt—(1 - pt—) (dNu - )\l(pt—>dt)

AL(pe-)
N (M

5\2<pt_) ) pe- (1 —p-) (dNQt - 5\2<pt—)dt) . (8)

Equation [§ provides other characterizations of the learning process. First, when p;- = 0
or 1, the agent is certain about the current state, and there is no effect from learning.
Meanwhile, the larger the difference between A\ and A\, the stronger the effect of
learning as the likelihood of a rare event in the high-risk state is higher compared to the
low-risk state. Finally, as A;(p,—)dt and A\y(p,- )dt are the agent’s expected probability
of Poisson jumps, the agent’s expected change of p; is ¢y — pi- (Py—r + dr—m)) dt,
reflecting only the effect from physical dynamics of regime switch and implying that

the learning should be unbiased.

2.3 The state-price density

We value streams of future cash flows using the state-price density process, which we
will call ;. The process is uniquely determined by the representative agent’s utility
and endowment process. We solve for the state-price density by characterizing the

representative agent’s value function first.

Proposition 1. The representative agent’s continuation value V; is given by
Vi = J(Cy,pr),

where

1 ,
J(C,p) = :01*’76(1*’7)1(1’)_ (9)

The function j(p) is continuously differentiable and solves the ordinary differential



equation (ODE):

1 A s 4
j'(p) = (ﬁj(p) — po + 5702 — 11_(]2 (Ey [et=7] (1= (IEM A1 E)~3(P) _ 1)

_iZT(Z) <€(1—7)(j(pkéq/iz(p))—j(p)) _ 1))
X (¢L—>H —p(Puor + Prom) — PLT ()\H - S\(P)))_l , (10)

with boundary condition

s 1
Bi(p") — ne + 5707
B All () ( B, [e(1-7] (0= M A =i6) 1)
—

() (1I0OEAGD=E0) 1) — 0, (11)
for

pr= ((LT(/\H — A + brr + drom)
— VTN = M) + b + Grpr)? — 4T (M — )\L)QSL—>H>
x (2T =) (12)

Proof. See Appendix [B] O

The probability p* has an economic interpretation. As time goes by without a
Poisson realization Ny, the agent learns from the absence of Poisson realizations. At a
certain point, however, belief update from learning will cancel with the belief update
due to the knowledge of physical dynamics. This is the point at which the drift in ([7))

equals zero:

(¢L—>H - p>‘<(¢H—>L + ¢L—>H)) + LT (5\(}9*) - )‘H) p* = 07

or equivalently:

=M — (T = A+ (fror + rsm) BT + G =0, (13)



Note that is a quadratic equation in p;. The Equation (12| gives the unique root

between 0 and 1. Furthermore, we can show that, if ¢T A7 > T AF

* r—n

p= oL+ G 14
The right-hand side of is the unconditional probability of the high-risk state.
The physical dynamics of the Markov process pushes the agents’ belief towards this
probability. On the other hand, the absence of rare events pushes the agent’s belief
towards zero. When p;, = p*, these forces exactly cancel each other out. Besides the
economic intuition, p* enables us to define a boundary condition for the ODE ([10)),

which helps to accurately compute the function j(p).

Given the representative agent’s continuation value, we can then solve the unique

state price density process, m;, of the economy using the result, due to Duffie and

Skiadas (1994)) that

Lo 0
T = exp {/0 Wf(C’S, V;)ds} Eel (Cy, V2) (15)

and therefore

m = locally deterministic term x C; 7e(=7i(P0) (16)

To price assets, and understand risk premia, it is convenient to write down the stochas-
tic process for m; that implies.

Theorem 2. The state-price density, m;, solves the stochastic differential equation

dm
—L = pp—dt + o-dBey
T—
+ (% ODBEA A D-s00) 1) 4,

[\

@
N (e(l—’Y)(j(PrAéq [Ra(p, ) =ip,)) _ 1) ANy, (17)
2



for Hrt— = Mw(pt*), Ort— = Uw(pr), and

1x(p) = — (B + pe — v02%) — M(p)E, [ewfl)ze(l—w)(ﬂm{f Ae)=i) _ 1]
— a(p) <e(m>(j<m§/x2<p)>—j<p>) _ 1) (18)

ox(p) = —0oc, (19)

where j(p) is a continuous differentiable function characterized by ODE and
boundary condition ([11]).

Proof. See Appendix [B] ]

The mean growth rate is (as usual) the riskfree rate, r,, which we characterize
in what follows. The term —vyocdBe; captures the effect of diffusive shocks to the
consumption growth: a positive shock dB¢; increases the agent’s consumption level,

and decreases the agent’s marginal utility.

The term .1) captures the effect on the marginal utility from a disaster realiza-
tion. Note that e7? gives the direct effect of a disaster: when a disaster hits, economy-
wide consumption falls, directly raising marginal utility. It is this term that is respon-
sible for the equity premium in models such as|Barro| (2006) and Rietz (1988). There is
also an indirect effect on marginal utility, given in the term e!~7) (3= M /A2 =i (p,-))
This term enters multiplicatively, and thus amplifies the first. While superficially com-
plicated, this term has a clear economic interpretation. First, note that if a disaster
occurs, the agent updates her probability of the high-risk state from p to pAf /Ai(p).
We can see this directly from the law of motion . Given this change in p;, the change
to marginal utility follows from ((15)) and Proposition . The disaster increases marginal
utility both directly, through its effect on consumption, and indirectly, through a slower
resolution of uncertainty (due to the shift in probability) Note that when v = 1, this
term equals one, and the equation implies a rare-events form of the standard |Breeden
(1979) Consumption CAPM, namely only consumption risk is priced. The term 2)

can be understood similarly, except in this case there is no direct effect on consumption.

The next theorem characterizes the equilibrium riskfree rate of the economy.

Theorem 3. The instantaneous riskiree rate 7y, is given by rp = 7¢(p;), where
ri(p) = B+ pe — 'YU%' + 5\1(p)e(l—’Y)(j(PAfI/S\l(p))—j(P))EV [GWZ (e—Z _ 1)} ) (20)

9



Proof. See Appendix O

As in the work of Barro (2006)), precautionary savings due to rare disasters lower
the riskfree rate compared to what it would have been in a standard model. When the
agent has a preference for early resolution of uncertainty, and when the agent must
learn about the probability of a rare disaster, the riskfree rate is lower still. The agent
fears disasters still more because of the change in her perception of the world that they
bring about ]

2.4 Pricing equity

We model equity as the claim to a dividend process specified below:

dD
D—t = ,LLDdt + QOO'CdBCt + (e_spzt - 1) leta (2].)
-
where ¢ is the dividend stream’s leverage with respect to aggregate consumption

growth. If we let S; denote the time-t price of such claim, non-arbitrage implies that

St = /Et |:7Tt+s Dt+s:| ds. (22)
=0

We price the equity claim by solving for the prices of individual future dividend
payments, or dividend strips, first. We recursively solve for the price using an partial

differential equation (PDE) which we show has a unique solution.

Theorem 4. The time-t price of an equity strip maturing at time t + s, scaled by

current dividend Dy, is given by

S D S
E, VH ) } = G(pr, s) = exp(g(pr, 9)), (23)
y; Dt

SInterestingly, the probability of a disaster enters into the riskfree rate. This does not usually
happen for unitary EIS. The standard result is that, under unitary EIS, the riskfree rate depends
solely on the distribution of consumption. In this case, however, the change in posterior parameters
are perfectly correlated with the change in consumption, which is why the term appears.

10



where the continuously differentiable function g(p, s) solves the following PDE:

dg 0Og

95~ ap [n —POro + 0nmr) = p (M = A(p))]

= =B+ pp — po +v(1 = ¢)od
i 5\1(p)e(l—v)(j(p/\{{/%(p))—j(p))Ey [eg(p/\{{/?h(p),S)—g(p7s)+(v—so)Z _ e(v—l)Z}

/

&
4+ 5\2(p)e(lﬂ)(j(pkf//_b(p))fj(p)) (eg(Px\ﬁl/J\z(p),S)—g(ns) _ 1) (24)
&2
with boundary condition
9(p,0)=0,  Vpel0,1]. (25)
Proof. See Appendix[C] O

To better understand the economic intuition of (24), it is helpful to consider the
case when p = p* defined by . When p = p*, p stops drifting without the realization
of rare events, and the P.D.E reduces to an O.D.E with respect to s:

9g, .
8—‘2(29 ,8) = =B+ pp — pe + (1 — p)og

)
+5\1(p*)e(lfv)(j(p*A{{/M(p*))*j(p*))EV [eg(p*A{{/Xl(p*),s)—g(p*,s)+(w—so)Z _ 6(7—1)2]

/

22
+§\2(p*)6(1—7)(j(p*kg/xz(p*))—j(p*)) (eg(p*%{/iz(p*),S)*g(p*,S) _ 1)7 (26)

N

-~

(2613)
with boundary condition g(p*,0) = 0.

The function g(p, s) is defined as the log price-dividend ratio of an equity strip.
summarizes the marginal effect of having one additional unit of maturity on the

pricing of equity strip. Specifically, we can reorganize and obtain the following

11



equation:

g, .
&(p ,8)

=—B8—pc+ 7‘7% _ 6(177)(j(p*A{{/L(p*))*j(p*))EV [6(7—1)2 _ e“/Z}

— ypog 4+ M (p*)E,

eg(p* 75)

(e—wZeg(p*A{’/h (p*),s)

12 (=i A /X1 (p™))
-1 e(1=7)i(v")

e(1=7)i ("M /X2 (p™))

eg(®*,s) el

_ eI A /A2 (p*),5)
+ A2 (p") -1

—rp(p*)

1=7)5(p*) D

2 3\ *
—yp0e + M(p")Ey e

<e—wzeg(p*k{f/h(p*)»8>

12 (1= ("M /A1 (p¥))
-1 e(1=7)i(P")

-, 9P A5 /X2 ("))
+)\2(p) eg(p*’s)

1) (e(l—v)j(p*Aél/Az(p*))

e—PZ o9 M [A1(p%),5)

e(1=7)i(P*)

)

+:uD + )\l(p*)EV 6g(p*’s)

(.

)

flow effect. The remainder of Equation [27] summarizes the effect from discount rate,

which is the sum of riskfree rate, and the risk premium (described in the theorem that

follows).

—
e7y)

The following theorem characterizes the risk-premium of the equity strips.

Theorem 5. The time-t instantaneous risk premium of a dividend strip with maturity

s is given by r.(s) — rp = r(pi; s) — r7(pe), where

r(p;s) — rp(p) = v0g

_ =92 o9(PAT /A1(p),5)
- M(p)E, <

eg(pvs)

— eg(p)‘g/j‘Q (p),s)
N )\2 (p) eg(pvs)

£

12 (1= (AL /A1 ()
-1 e(1=7)i(v)

)

e(1=7)i(p)

The following corollary summarizes the pricing of the equity.

12

(27)
.1) is the expected growth rate of the price of equity strip, which captures the cash-

) -



Corollary 1. The time ¢ price of the claim to the stream of dividend specified by

is given by
Tt4s
S(Dy, pt) = /Et [ s Dt+s:| ds
qy
s=0
where .
S(D,p) =D / G(p, s)ds. (20)
s=0
Proof. The results directly follow from Theorem || and absence of arbitrage. m

Let r; be the instantaneous expected return of the equity asset defined above. The

following theorem characterizes equity asset’s risk premium.

Theorem 6. The instantaneous risk premium for an equity asset as a claim to is

given by r, — g = r(pt) — re(pe), where

r(p) —ri(p) = ypog
——
BOl1)
o7 [ oM /A(0),9) ]
) e S:fo eI /A1(p)5) ] A2 (1M s ()
- M(p)E, 70 .y —1 0 1
eI\P:s)ds
N s=0 -
E92)
T eowM /%a(0).5) ]
) Slo eI Xa(0),9) 7 A /el
_ )\2(p) -1 e(lf'y)j(p) —1 . (30)

j? eg(p,s) ds
s=0

J/

~
Ga3)

Equation shows that the instantaneous equity premium can be decomposed
into three parts. The first, .1), is the risk premium associated to the normal time
consumption growth risk.

.2) and 3) are associated to the rare events, Ny, and Ny, respectively. Ny, is
associated with disaster realization. When a disaster realizes, the dividend of the equity

jumps down; in addition, the price-dividend ratio of the equity asset also decreases

because the agent revises his belief in the high state. The two effects jointly determines

13



the return associated to disaster realization, and the covariance between the pricing
kernel and the return conditioning on disaster realization determines the risk premium.
Ny, on the other hand, serves as a signal, affecting the price-dividend ratio only upon

arrival.

This discussion has focused on incomplete information and the amplification of the
risk premium. Incomplete information will have other consequences, namely to skew-
ness. When information is incomplete, the occurrence of a disaster leads the agent
to learn that disasters are more likely. This will raise the risk premium, decrease the
interest rate, and also decrease expected cash flows. When ¢ > 1, the net effect is neg-
ative (this does not require a preference for early resolution of uncertainty). The model
thus embodies the partial equilibrium intuition of Campbell and Hentschel| (1992), who
show that negative skewness can arise when an increase in volatility leads to an increase
in risk premia, which then lead prices to decline more than they would otherwise. The
model also incorporates intuition of [Hong and Stein| (2003]) that skewness captures a
quicker release of negative information than positive information, though the mecha-
nism is quite different than in that model (which assumes risk neutrality and short-sale
constraints). The agent learns a lot, all at once, from the occurrence of a disasters or

negative signal. In contrast, the agent learns gradually from the absence of events.

3 Calibration and Quantitative Results

In this section we focus on the quantitative performance of the model. We simulate
2,000 samples from the model, and calculate return moments in each samples. Tables
and figures report means and the distribution across simulation samples. The simula-
tion is performed at an intra-day frequency (to capture the dynamics of high-intensity
Poisson processes), and returns are aggregated to an annual frequency. In what fol-
lows, we report moments on level (not log) annual returns and the differences (not log

differences) between the return and the riskfree rate.

3.1 Calibration

We choose preference parameters and normal-times consumption parameters similar

to the ones in [Wachter| (2013). However, the risk-aversion parameter is further lowered

14



to 2. Similar to Wachter and Zhu (2017)), we choose ¢ _.n and ¢y, such that the
bad state is a rare event. The unconditional probability of the bad state is 8.26%. We
then choose AT and A\l such that the unconditional jump intensity of the disasters is
3.55% per annum. The disaster distribution is multinomial, as measured in the data
by Barro and Ursta/ (2008).

The market portfolio has a disaster sensitivity ¢ = 3. The jump intensity parame-
ters of Ny, will govern the premium associated to the learning mechanism. We choose
to pick different combinations of the pair to further explore the effect of learning on
equity premium. Specifically, we choose [AJ, \}] such that A + A} and A /AL are
controlled. In addition, we also calibrate the models with 1) perfect information and
2) when MY /X = 1. When M = A\ the signal provides no information about the

state at all.

The parameters except for [\, \l] in our calibration are reported in Table .

3.2 Learning versus full information

We first consider the case where there is no signal (A = A\}), and compare the case
in which the agent learns from disasters relative to the full information case, which
we solve in Appendix [D] Table [2] reports moments from the full information case and
the learning case. First note that the learning increases the equity premium. While
the effect is modest (1 percentage point) it is noticeable. Relative eto full information,
learning decreases the volatility of excess returns. Under full information, the volatility
is 20%; it is 13% under learning. Interestingly, while measured risk is greater in the
economy with full information, true risk is greater in the economy with learning, in

that investors require a higher premium to hold equity.

Another qualitative difference between the learning and full-information bench-
marks is return skewness. Return skewness equals -0.83 in annual data. This moment
of returns is of interest because leading asset pricing models predict positive return
skewness. For example, the model of |Campbell and Cochrane| (1999) implies positive
skewness (Wachter, [2005)), as does the model of Bansal and Yaron| (2004) (Lorenz and
Schumacher, 2018). Because these models imply a conditional lognormal distribution
for returns, this is not necessarily surprising. More surprising is the fact that rare

events models, which would seem to be a natural candidate for explaining negative

15



skewness do not do so, as Panel I clearly shows. On the other hand, allowing for learn-
ing does imply negative skewness. The effect is about the same size as in the data. We

explain the source of this result below.

Finally, and consistent with the results concerning the equity premium, the riskfree
rate is lower under the model for learning. This is because of enhanced precautionary
savings: the agent understands that disasters are worse, in the sense that they raise
marginal utility for reasons other than the direct consumption response. The agent
wishes to save more, pushing down the equilibrium interest rate in this consumption

economy.

Figure (1] shows the evolution of valuation ratios, prices, risk premia, and riskfree
rates following a disaster, and contrasts this with the full information case. The ex-
periment in this figure is to consider a path in which the economy begins in a high-risk
state, a disaster happens at the end of the first year, and then the economy reverts to
the low-risk state in year 4. We set the agents beliefs at the unconditional probabil-
ity of the high-risk state. The top-left corner shows the price-dividend ratio. In the
full-information case, the dynamics are quite simple; the price-dividend ratio starts out
depressed, and then switches immediately to its higher value when the state switches to
low-risk. There is no effect of an economic disaster on the price-dividend ratio because

the economic disaster contains no information about future dividend growth.

In the learning case, the price-dividend ratio begins below its level under full in-
formation. In the year preceding the disaster, it increases very slightly. Unlike in
full-information case, the price-dividend ratio falls by nearly 50% in the event of a
disaster. Following the disaster, it rises slowly, only reaching its pre-disaster level five
years later. The initial (small) increase in the price-dividend ratio is due to learn-
ing: recall that the steady-state probability p* lies below the unconditional probability.
Thus, the agent does learn from the absence of disasters. However, this level of the
price-dividend ratio lies below the full-information value, even for the high-risk state.
Most importantly for our purposes, the price-dividend ratio falls when a disaster occurs
because of an increase in risk and a decrease in expected cash flows (which together
exceed the precautionary savings effect on the riskfree rate). As the agent observes

months without disasters, the price-dividend ratio steadily rises.

The bottom left panel shows the conditional equity premium. The equity premium

is higher in the full-information case when the agent knows that the economy is in the
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high-risk state. Interestingly, when the agent must learn the state, the equity premium,
which starts out lower, briefly rises above the high-risk counterpart. This highlights
the nonlinear effect of learning. Disasters cause a greater decline in the price under
learning because they convey more information (top right panel). This is reflected in
an equity premium that, in the worst state, exceeds that of full information. Finally,
the bottom right panel shows the riskfree rate. The qualitative panel matches that of
the equity premium; however, the riskfree rate in the learning case never falls below

the value when there is full information about the high-risk state[]

To summarize: the equity premium is higher in the case with learning because the
price impact of disasters on equities is greater (a disaster affects both valuations and
cash flows), and also because of the greater impact on marginal utilities. The volatility,
however, is lower, because, during times without disasters, there is very little release

of information.

Figure [2] shows realized returns for the time path in Figure [l The initial discon-
tinuity in year 1 reflects the realization of disaster, which is substantially worse in
case with learning. Qualitatively, though, learning and full-information both predict
the same results for realized returns if a disaster occurs: namely, they are very nega-
tive. Something very different, however, happens right after a disaster. In the model
with full information, returns simply revert to their previous level, reflecting the equity
premium in the high-risk state (this figure abstracts from Brownian noise that would
appear in real-world return observations). In the case with learning, the realized re-
turn is much higher, reflecting not just the risk premium of Figure [T but also the fact
that agents forecasted a second disaster, but that one did not occur. Hu et al. (2019)
shows that this effect of extremely high returns occurring after extremely large market
declines is a robust feature of the data; note that the model with learning can account

for this effect, whereas the full information model cannot.

We now return to the question of negative skewness, and why it appears in the

"This subtle difference between the behavior of the riskfree rate and the behavior of the equity
premium between learning and full information arises from the difference in the learning effects in
and . On the one hand, in our calibration, a disaster does not lead the agent to fully update
in favor of the high-probability state because there is some chance, however small, that a disaster
could occur in a low-probability state. Thus A\;(p) < A, even after a disaster has occurred. On the
other hand, the effect of future learning enters marginal utility. For the riskfree rate, the latter effect
is smaller than the former, leading the value to be very slightly less depressed in the learning case. In
the case of the equity premium, the effect of learning (which enters both expected future cash flows
as well as marginal utility) is larger than the difference in probabilities.
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model with learning and not otherwise. Figure [2| shows that, while large negative
returns characterize both the full-information model and the learning time series, the
full-information time series also has very large positive returns. These large positive
returns occur when the full information state is completely revealed to investors. The
learning model has no counterpart to these very large upside surprises, nor does there
appear to be a counterpart in the data. Rather, as in the actual time series, agents

gradually learn from the absence of bad events.

The analysis in the section reveals important differences between the case of learning
and the full-information case. The full-information case features high volatility, a lower
equity premium, and positive skewness. The learning case has substantially lower
volatility, combined with a higher equity premium, and negative skewness. Comparing
these cases suggests a potential explanation for the lack of a observed relation between
volatility and risk (Moreira and Muir, 2017). The question still remains, however,
whether a model with learning can come close to explaining the level of volatility

observed in the data.

3.3 Signals and volatility

Realistically, investors can learn from sources other than the observation (or lack
thereof) of rare events. The model in the previous section, which allows for signals, is
a particularly tractable way to model such learning. A signal is an event that reveals
something about the state, without affecting cash flows directly. We conduct a two-way
experiment in the model. We control the ratio of the signal intensity, A} /A, and the
frequency of the type-2 signals. The signal intensity ratio determines how informative
the signals are (a lower ratio means that the signals are more informative). Thus, as
the signals become more frequent, and increase in informativeness, the economy con-
verges toward the case of full information. To maximally capture the effect of signals,

we consider relatively high intensities.

Figure [3| shows the results for the aggregate market. The panels in this figure show
the average moments, medians, interquartile ranges, and 95% confidence intervals.
We also report the data estimate. We see that, as the signal intensity increases, the
average return falls, the volatility rises, and the skewness goes from negative to positive.
Increasing the signal intensity ratio (which reduces the informativeness of the signals)

leads to higher equity premia, lower volatility, and more negative skewness. These
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figures show a tradeoff between explaining skewness and explaining volatility (lack of
information helps explain skewness, but leads to lower volatility). Nonetheless, for
many parameter configurations, the data fall within the interquartile range implied by

the simulations.

Figure [4 performs a comparable exercise for the riskfree rate. As the figure shows,
the less informative the economy (either because of a relatively low signal intensity,
or a high intensity ratio), the lower the riskfree rate due to precautionary savings.
Moreover, the less informative the economy, the lower the volatility of the interest

rate.

4 Conclusion

In this paper, we assume that agents must learn about the probability of rare events,
and focus on the effects of this learning for asset prices. Learning makes disasters more
severe; once a disaster has occurred, agents rationally update their probability that a
disaster might occur again. Agents’ beliefs return to their baseline levels after about 5
years of data featuring no disasters; nonetheless, prices, valuation ratios, and interest
rates remain depressed relative to the full-information benchmark. Agents rationally
anticipate the effect of learning, leading to an equity premium that is higher than it
would be in the full-information case. On the other hand, volatility is lower, because

agents’ beliefs about the probability change to a lesser degree.

Rare disasters imply an asymmetry in how agents learn about bad versus good
news. Bad news is learned quickly, from the realization of a disaster, or of a signal.
Agents, in contrast, must learn good news slowly, from the absence of rare events.
Thus negative events in the economy are sharply negative, whereas positive ones are
muted. Learning generates negative skewness, a fact present in the data that is difficult

to explain in a full-information setting.
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A Bayesian learning in a multiple regime switch

model with multiple jumps

In this section, we show the proof for Theorem [Il We focus on a general case where
there are finite number of states, and allow for finite numbers of Poisson and It6
processes as signals. Our result generalizes a related theorem for Brownian signals in

Wonham, (1965)).

A.1 The setting

There are two types of processes: counting (Poisson) processes and It6 processes.
Conditional moments of the processes depend a latent state. The agent learns about

the state through the realization of the processes.

There are I < oo counting processes
Nyt Nogy ..oy Nig,
with time-varying jump intensities
Aty A2ty ooy AL,
respectively. In addition, there is a J x 1 vector [to process X; evolving according to
dX; = pdt + odBy,

where p; is J x 1, 0 is J x J, and B, is a standard J-dimensional Brownian motion,
independent of N,. J < oo. Let ¥ = oo'. Furthermore, assume that s, itself is

time-varying.

In what follows, let N; and X; denote vectors of the counting and Ito processes:

Nl,t Xlt

N X
Nt = .2,t s Xt = _2’t

N]t XJ,t
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The regime switch model. Let \; and p; denote the vectors of the conditional

jump intensity and drift of the counting and Ito6 processes, respectively:

)\1,t M1t

)\Z,t M2t
>\t = . ) M = .

>\I,t Mt

In addition, let S; = [A/, 1/ ]" be the vector of the instantaneous jump intensity and
drift processes. S; follows a Markov regime switch model and switches among K < oo

different regimes, S', 52, ..., SK.

Define the probability of a regime switch as follows

Pr(Spear =SS = S™) = bmsndt,  m #£n. (A.1)

A.2 Imperfect information and learning

The state S; is not observable. We assume Bayesian agents who form a posterior
probability of S; by observing data on X; and on N,. In what follows, we describe the

evolution of the agent’s belief.

Define F; to be the o—algebra generated by {{X;}scp,, {IVs}scpo,q}. Define the
posterior probability of state k:

p)’f = PI'(St = Sk|ft)

and the vector of posterior probabilities:

p;

p;
Pt = .

p

The following theorem characterizes the evolution of pf as a function of X; and N;:

Theorem A.1. With the hidden regime dynamics and signals given by (A.1]), p¥, or
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the posterior probability a Bayesian agent assigns on state k, evolves according to

+ p- (Mk — Ji(pe- ) ~(dX; — fp-))
+

)T
k : Af _ o\
Pi- ; ()\i<pt) 1) (sz,t )‘z<pt*)dt) ) (A'Q)

(2

where
K B K
alp) =Y ™", Ap) =) _p"A"
m=1 m=1
and
_ K _ K
NP =Y"PmA Np) =D P i=12, ]
m=1 m=1

are the posterior drifts and jump intensities.

Proving Theorem requires characterization of the evolution of the likelihood

functions. The definition of conditional probability implies

pf :PT(St = Sk’Ft)
=Pr (Sy = 5" Fo, {Xu, Nutocusr)
Pr({Xu, Nudocues » St = S*|Fo)
C Pr({Xu Nudocus 1F0)

_ Pr{{Xu Nubocuss » St = S*1F0) (A.3)

K
z_jl Pr ({Xu, Nu}ocuer » St = S| F0)

It suffices to show the evolution of conditional probability Pr ({Xu, Nutocusct St =S k |]:0),
or the likelihood. Then we can apply It6 's Lemma to find the stochastic differential

equation that characterizes the evolution of pf.

However, since the path of states is latent, we do not have a closed-form solution
to the likelihood. We resolve this issue by conditioning on a specific path of states,
characterizing the evolution of likelihood, and then taking average across all sample

paths.
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In what follows, we characterize the evolution of the likelihood function. We begin

the proof by defining a series of functions.
Define

as the probability that S, = S/, conditioning on that Sy = S*. Markov property of the

regime switch process implies that

pii(t) = Pr(Ssie = Sj|Ss = Si), Vi, g, s, t. (A.5)

Define function ®(tq, 19, X, S;) as
to to 1
Bty b, (X}, {N,}. {5,}) = exp ( [ s [ (guz 5+ A) du)
t1 t1
I
X H H Ai,Ti(N,m)_a (A6)

=1 0<7;(N,m)<t
where 7;(n,m) = min{¢: N;; > m} is the arrival time of the mth jump of N;; on
the sample path n = n;;.  O(t1, 2, Xt, Ny, St) is proportional to the likelihood of

{Xu, Ny}, <u<ty, conditioning on a specific path for state, {S, }+, <u<t,-

Define a second process [fi;, A;], identically distributed to [p, A;], but independent
of S; and Y;. In addition, define h*(t) as

K

W) = 3 OO [$(0.1 ), N AS IS, = 5580 = ' X0 N
1=1

(A.7)

The following provides a characterization of the likelihood function (A.6)) for a small

period of time.

Lemma A.1. Let 6 > 0. Then the following equation holds when lims_,.S;_s = S; =
Sk and hméﬁo Nt,(S = Nt:

Ot — 6,6, X AN S ) = 1+ 15 27X, — Xieg) — . NG +0(6).  (A.8)
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Proof. Note that

/h Iy lax, — /( Zuu+LT)\)du (A.9)

is a Ito6 process. When limg_,o .S;_s = S, the quadratic variation of (A.9) is given by

Mszflluk'

When }Sin(l) Ni_s = Ny, there is no jump realization at time ¢. Then we can apply Ito s
_)
Lemma and obtain ((A.§)). O

It will turn out later that (A.8)) will be driving the evolution of h*(t).

The following lemma connects h*(t) defined by Equation to the likelihood

function.

Lemma A.2. The likelihood function of a sample path {X,, N, bo<u<s, with Sy = S¥,
satisfies
Pr ({Xu, NuYocuss » St = S¥|Fo) o BE (). (A.10)

Proof. The the probability density of a sample path, {z,, nU}0§u§t7 conditioning on
S, = 5%, Sy = S, is given by
Pr ({xU7nU}0<u<t Sy = S*, 8 = Sl)
_E [Pr ({xu,nu}ogugt {Su}ogugt) S, = S, Sy = Sl]
E 00,4, {z}, {n}, {8.1)] S = 8%, 80 = ']

Note that E [Pr ({xu, nu}ogugt {Su}0§u§t> Sy =88, = Sl] is the density of the re-

alized path {x,,n,}o<u<t, conditional on the state at time 0 and the state at time ¢

(but not the intermediate states). The expectation operator integrates out over sample
paths of {S,- Fo<u<t-

As a result, the probability density of the actual realization of {Xu, Nu}oc,<, is
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given by

Pr ({xu’”u}ogugt 1S, = S, Sy = 5"

{zuwmutocuc ={XuNutocu<s

aEPwuug%L@%L{%D:gzshsb:sﬂ

(A.11)

{ﬂﬁu7nu}0§u§t:{Xu7Nu}ogugt

Note that, {S,}o<u<t and {X,, Nu}ogugt are correlated, as a result (A.11)) can not
be re-written a conditional expectation, conditioning on {X,, N, }, <u<t- Instead, we
consider [fi;, \] process defined before. The assumptions on [/, \¢] imply the following

equation:

FE [(I)(O, t, {xu}a {nu}7 {Su}>

:E[@@J&X%hﬂ%h{iﬁ)
i (A.12)

S, = Sk 8, = sl}

{muvnu}ogugz:{xu:Nu}ogugz

gt = S”ﬁS’O = Sl, {Xu, Nu}ogugt

Then Equation follows. O

The following lemma shows that the posterior probability is a function of A" (t),
m=12,..., K.

Lemma A.3. The posterior probability of state k, pf, satisfies

hE(t
pp = (t) : (A.13)
> ()
Proof. The result follows immediately from Lemma [A.2] O

The following lemma provides the stochastic differential equation that characterizes
the evolution of h*(t).

Lemma A.4. The conditional probability h*(t), as defined by (A.7)), follows the fol-
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lowing stochastic differential equation:

dh™(t) = hk(t7) (— (Z czﬁkﬁm) dt + (u“z—ldxt — JA%))
m#k

+ Y R ) bmoskdt + R () Y (A = 1)dN;,. (A14)
m#k =1
Proof. Note that,
h*(t)

= Zpl(O)pl,k(t)E [(I)(O’ t {Xu}’ {Nu}> {S’u}”gt = Sk’ go = Sl’ {Xuv NU}Ogugt]

K

o Zpl(()) ( Pt — 0)Dm k(0)

=1

x E [@(o,t 5 X INGY (SIS, = 85,5, s = 8™, Sy = SL X, Nu}ogugt}
x E [Q)(t 0 (X NG (S DS = SE S s = 8™, 5o = S { X, Nu}ogugt] )

=Y 7 0)(
x E [@(o,t — 6, {Xu} AN {SuD)ISios = 5™, S = S' { X, Nu}ogugt—d]

¥ E [(I)(t XL AN (SIS, = S5, S, = 8™ { X, Nu}t_ggugt} )

K
pl,m (t - 6)pm,k (5)
1

m=

-3 (Z P(O)pm(t — 9)

X B 00,6 = 6, {X,}, IN}ASDISis = 5™, 5 = 8 { X, Nudocuer s ¥

X P k0 [®(t = 6,1, {1 AN} {SUDIS: = 85 5005 = 57, (X0 Nade_scuce] )

M-

(hm(t - 5)pm,k(5)E [Cb(t - 57 ta {Xu}7 {Nu}a {gu}”gt = Sk7 St—& = va {Xua Nu}t—&ﬁuﬁt}) :

3
1§

(A.15)
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In addition, we know that, for a small and positive d, the following equations hold.

Prk=1— (Z <Z5m_>k> d+0(6). (A.17)
m#£k

In addition, when m # k and (lsirr(l) N;_s = Ny, the following equation holds:
H

B [0(t = 6,6, (X} AN ABDIS = 8%, 505 = 5™ (X N sz = 1+ O().
(A.18)
Combining results from Lemma and Equations [A.16] [A.17] and [A.T§] implies the
stochastic differential equation (|A.14]).

[]

Lemma A.5. Let

h(t) = i hR(t). (A.19)

Then h, is characterized by the following stochastic differential equation with jump:

dh(t) = h(t") (—LTS\(pt—)dt + Ai(p-) TR X + Y (Nilpe) — 1)dNi,t) (A.20)

=1

Proof. By definition of h(t), we have
dh(t) =d (Z hk(t)>
K B K h/p
= Z (_hk(t_) Z ¢k—>s + Z hl(t_)¢l—>k> dt — B(t_)LT <Z %)‘k> dt

k=1 Ik Ik k=1
+h(t7) (Z f;_}J((;)) Mk) STAX A+ h(E)> (Z ];E(Stt:)) L 1) dNy
k=1 =1 k=1

i=1

:Mt_) (_LTA(pt)dt + ﬂ(pt*)TE_ldXt + Z(j\i(pt*) - 1)dNi,t> .
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Proof of Theorem [A.1l From Lemma [A.3] we know

40
At

= (A.21)

Applying It6 s Lemma, together with the results of Lemma and yields Equa-
tion [A.2 u

Proof of Theorem [1l Let K =2, I =2, J =0 for the general case in Theorem [A.1]
In addition, let state 2 represent the high-risk state. Then

pi=1-7pj. (A.22)

Substituting (A.22)) into (A.2) yields (7). O
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B Solving the State Price Density

B.1 Representative agent’s continuation value

Proof of Proposition Conjecture that the representative agent’s continuation value
is given by
1 )
J(C,p) = 1_01—76(1—v)3(p)’ (B.1)
-

where j(p) is a continuously differentiable function of p.

Equation implies that

J(CeZ,pA /X (p) — J(C,p) — =N (=24 A M) -ip) _ q (B.2)
J(C.p)
o
T (CopX 2a(p) = T(C.p) (oM paton—s0)) _ ¢ (B.3)
J(C,p)

Optimality of the continuation value function implies the following Hamilton-Jacobian-

Bellman Eqation:

oJ %]
G J) + %Cﬂc + %W(J?a?
+ g_; [—p(/\H _ /\(]9)) + [¢L—>H _p(qu—ﬂ, + ¢L—>H)H

+ Xa(p)Ey [ (C.M olp) = J(Cp)] W € [0,1]. (BA)

Dividing both sides of (B.4)) by J(C,p) and then substituting (B.2)) and (B.3)) into
the equation yields

B = )i) + (1 = )pe — 33(1 = 7)o
+(1— ’Y)j/(P) [¢L—>H —p(rsn + ProL) — D ()\H - X(pt))]

W ( E, [e0-17] =N (N /X)) =i ) _ 1)

+ Xo(p) <€(1*V)(j(pkél/xz(p))*j(p)) _ 1) —0. (B.5)
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When —pu" (M — XN(p)) + [0r~n — P(¢r—1 + dr—n)] # 0, combining (B.4), (B.2)
and (B.3)) leads to Equation [10]

When —pe" (A — X(p)) + (011 — p(ér—1 + dr-m)] = 0, the equation can be

rewritten as the following quadratic function,
T = A = (T = N b+ )P+ drm =0, (B.6)

which has the following roots,

(TN =N+ by + drom) \/(LT(AH — M) + o + ¢L—>H)2 — 4T M = Aoy

b= 20T (M — \L)
(B.7)
We have
(T = X)) + b + <Z5LaH)2 o I CED N TN

= (LT()\H - )\L) - ¢L—>H)2 +2 (LT()\H — )\L) + (/5L—>H) oL+ OH_p > 0,

As a results both of the root must be real.
In addition, define
fo) =TT =X = (T = N + by + o)+ Srom, (B.8)

Then f,(0) = ¢r—m > 0, f,(1) = —pn—r < 0, and this implies that there must be at

least one root between 0 and 1.

Finally, in fact we have

(LT()\H — M)+ o+ ¢LﬁH)2 o O S I
— (T =AY = ppon) 2 (T O =AY + dpm) bur + b4y
2

(T = M) = b))

V
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and as a result

(T = M) + b + drom) + \/(LT()\H — M)+ bpp + bpsm) — 4T N — Ny

ST =AY + dpr + orom) + (TN =N — brm)
=20T (AT = A) +
>20T (A — AD).

This suggest that

(T =AY+ dpr + drom) + \/(LT()\H — M)+ o + ¢L—>H)2 — 4T M = Aoy
2T (AH — \E)

(B.9)
Combining all results above, and we can conclude that p* given by is the unique
solution in [0, 1] to Equation . Equationthen reduces to Equation , uniquely
pinning down the solution to ({10]). H

B.2 State price density

Proof of Theorem [2l Duffie and Skiadas| (1994) show that

o 0
T = exp {/0 Wf(C’s, Vs)ds} %f(Ct,V}). (B.10)

The functional form of f implies

0 Vi
= f(CL V) =81 =)+
gc ! (Ce V) =A =77 (B.11)

_ 50{76(1*7%(?)_

Combining (B.10) and (B.11]), we get

¢
T = fexp {/ %f(Cs, Vs)ds} C; et (B.12)
0
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(B.12) and It6 's Lemma leads to

d
i Prt—dt + 0~ dBcy
T—
+<ewzt =N (- M A (=)= (p)) _ 1) AN+ (eu—w)(j(pﬂgf/xxpr))—j(pr)) _ 1) ANy,
(B.13)
where
- = =B+ (1 = )i(pe-)] — Ypc

+(1— ’Y)]',(pt*) |:¢L~>H — Pt~ (P + Orsm) — Di- ()\H - S\(Z?r))}

|
+ 370y +1)g, (B.14)

and o,; given by .
Substituting (B.5)) into (B.14) yields

pai- = —(B+ po — 70¢)
~Mlp) ( B, [e0D2] (00X i) =ieo)) _

~ o(pr) (eu—w)(j(ptfng/x(pﬁ>>—j<pr>) _ 1) . (B.15)

which verifies the functional form of 1i.(p) given by (L8).

O]
Proof of Theorem [3. Non-arbitrage implies that
d
Et, |:£:| = —Tftfdt, (B16)
T¢—

where 7y, is the riskfree rate. Substituting (B.13) and into (B.16|) yields
e = 54—#0—’YUé+5\1(pr)6(1_7)0(1)”’\{{/;\1@“))_j(p“»Ey [eth (e*Zt _ 1)} , (B.17)

which and a function of p;-verifies the functional form of r¢(p) in (20). H

32



C Pricing Equity

C.1 Pricing equity strips

We first characterize a necessary condition under which the price process of an equity
strip with dividend process given by is arbitrage-free.

Lemma C.1. Let

s Diys
F(Dy,pi,8) = D,E, {m ax } . (C.1)
Tt Dt

Then F, = F(Dy,py, s) is the time-t price of an equity strip with maturity s, and

Tits Diys
G(py, 8) EEt[ s ”} (C.2)
Tt Dt

is the price-dividend ratio at time ¢. Moreover, H; satisfies

dF;
7 = predt + op-dBey
L
(e—soZtG(pt_/\{I/)\l(pt—),s) B 1> AN,
G(pt_a S)
G(pi- 5 /a(pi-), 5)
—1|dN. C.3
+ < Glp, s) at, (C.3)
with scalar processes ppi- = up(p; ,s) and op- = op(p; , $) satisfying

r(p, s) + pr(p; ) + or(p, 8)ox(p, s)
G(pAE /X (p), s)e(=9Z =)@ /21 (p)
G(p7 5)@(1—7)j(P) -1

3 G(pAE /25 (p), s)ed=iPA3 /A=)
+ X2 (p) G(p, s)e0—i®)

+ A1 (p) E,

— 1) =0,Vt. (C.4)
Proof. Absence of arbitrage implies

sD s
F(Dt7pt>s> = Et |:7Tt+—t+:|



is the time-¢ price of the equity strip with maturity s, or (C.1)). The Markovian property
of the state variable implies (C.2)). 1t6 's Lemma leads to (C.3|) and verifies that pip-

and opy- are functions of p;— and s.

In addition, absence of arbitrage implies that the process m F'(Dy, A1, s) must be a

martingale. Consider a sufficiently small but positive At. It follows It6 's Lemma that

t+At
7Tt+AtFt+At - 7TtFt + / 7TuF1u (uF(pu) + Mo (pu) + UF(pu)Uﬂ (pu)) du
t

t+At
+ / 7uFy (05(pu) + 0+ (pu)) dBe
t

+ Z <7Tu1kFU1k o ﬂ-u;kFul’k) + Z (7TU2kFu2k o Wu;kFu;k)' (C5)

t<uip<t+At t<ugp <t+At

Here ug, = min{t : Ny > k},i = 1,2 is the arrival time of the i'* type-j Poisson jump.

With (B.13) and (C.1)), we know

(1=7)i(p,— M /A(p,-))
e 1k 1k

H /5 (v=¢)Zu
Ty P _ G AT MRy, ), 827 ~1  (C6)
_F_ (1-7ip,-) ’
TrulkFulk G(pul—k, 8)6 I pulk
5 (1=7)i(p,— A /X2(p,— )
H u 2 u
Tun P _ GPug e [Malpig; ) s)e " M (c.7)
1—)i(p : :
Tus, FuEk G (pu;k s) 6( 7)J (P )
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Reordering and we have

t+At

TeratFrpar = mFy + / Ty <uF(pu, 5) + o (Pu) + oF (Pus §)0x (Pu)

t+
3 G(pu N /M1 (py), 8)e =9 Zu (1= (Puri’ /A1 (pu))
+ A(pu) By (pur’/ 1(p(); s)e - )e‘( ) .
(pu, 5)e=7)i(Pu
5 G(p N/ Xa(py, (1=7)j(puA3' /A2 (pu))
+)\2(pu) (p 2/ 2(]7 ),s)e - 2 1 du
G(py, s)et=1)i(pu)
t+At
+/ 7Tu}?’u(o-l:'(pua3) + Uﬂ(pu))dBCu
tt+
(C.8l1)
Al G A /21 (D), 8)e0 =9 Zu =M /Aa (1)
+ <7Tu F, —W—Ff)—/ /\l(pu)EV w1 u)s 4 _q
t<u1sz:t+At 1k 1k Uyp Upg t+ G(pu7s)e(1—'y)](pu)
C32)

tHAt G(puM /X2(pa), $)e1= 3 (PuAs /A2 ()
+ (Fuse Pz = 7o Fu_)—/ Na(py) | etz L2z Pu), : —1)du.
t<u2kz§:t+At e 2 TRk o+ G(pu, s)elt=7)i(pu)

(C-813)
(C.8)

As (C.81), (C.82) and (C.83) all equal zero in expectation, the first integral must
equal zero in expectation as well, which implies (C.4)). H

Proof of Theorem 4. Conjecture that G(p,s) = 9P, where g(p,s) is a continu-
ously differentiable function with respect to p and s. As F(D,p,0) = D, g(p,0) = 0,
Vp € [0, 1].

Ito ’s Lemma implies that
dg T (\H _ Y
ALF(p, S) = Up + (9_p [¢L—)H - p((ﬁHﬁL + (,bL—)H) —pl ()\ - )\(p))} - - (0-9)

or(p,s) = goc. (C.10)
The conjecture and (B.12)) yield that

G(pAT /X (p), S)e(v—w)ze(l—v)j(p/\fl/;h(p))
Gp, 5)e0 i)
— (=92 ¢ AN ([EEM /A1) =i (P) ) +9 (M /A1 (p).5)—9(p.5) (C.11)
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G(pAY [ As(p), s)el! P @A/ 22D
G(p, s)e1=7)i@)

= NP/ X)) =i ) +9@X Pa(p)8)=00) ((112)

Substituting (C.9), (C.10), (C.11), (C.12) into (C.4) yields Equation 24,
O

Proof of Theorem [5l The instantaneous expected return of a dividend strip with

maturity s is given by

dF,-
T— (5> —Tp- = By {—F tdt} - Tf(pt—)
-

e~ ZG(Mp (pr), 8)} (C.13)

= pr(p-,s) + Mi(pe-)Ey { G(pe-, )

G(/\glpt— /5\2 (pt_)7 S)
G(pi-, ) ] ~riles)

+ Xo(pi-) E, {
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Substituting (C.9) , and into ((C.13) yields

dF,-
T (s) — Tr- = By {F tdt] —rs(pe-)
'\

9] < 0]
= up + # [¢L—>H — P (Pr—L + drH) — P o ()\H - /\(pt*))] -
i
e_wZG(pt* /\{I/;\l(pt*)ﬁ) . 1}
G(pt_vs)
Gpi- N /A2 (pi-). 5)
G(pt_vs)
— B — pe 404 — M (pr )N - )=i ) (77 (e7% —1)]
e ?2G(pe- M /M (pe-), 5)
G(pt*VS) J
_ 5\1(1%7 )6(1—7)(j(pt— /\{I/j\l(Pt—))_j(Pt—))EV [e'yZ (e—Z _ 1)}

+Mi(p-)Ey [

+ A2 (pe- ) B, [ - 1:

-1

= Y0 + M(pi- ) E, [

— H /\
- Xl(pt— )e(liv)(j(p“ Af/)‘l(p“))fj(pt’))El’ [G(pt_ Xz /2a(p-),0) =92 _ e(v—l)Z]
G(pt* ) S)

5 G(p- N JXa(py-), s
+)\2(pt—)< (P Gz(p/tfil;t ):9) —1)
~ Rolpy ) TR AE R, ) =i(0,) (G(pt—g%’p/fz;gt-),s) - 1)
= Yyt
~(p)E, (ewzeg(p;(:fl/sf)\l(pt),s) B 1) (e’YZ+(1’y)(j(pt)\fI/)\1(pt))j(pt)))‘|
9P~
—Nalpi-) ((eg(mezé(’p/tz\iz;),s) B 1) (e(lf'v)(j(ptf Af/)\Q(pt))j(pt))>> 7

which verifies that the instantaneous risk premium is a function of p;—, and the func-
tional form given by .zen O]

C.2 Pricing equity
We hereby present a lemma parallel to Lemma [C.]

Lemma C.2. Let {D;s}s>0 be a dividend stream with dynamics given by , Vs.
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Then

S(Dt7pt) =

S

F(Dtaph S)dS

L —y

=D, | G(p,s)ds (C.14)

%\8

s

is the time-t price of the dividend stream, or equity. Moreover, there exist processes

ire and opg, such that

dsS,
o — = fig-dl + o dBc,
.
S(Ds—e=%% p_ NH /) -
( ( t-€ » Dt 1/ 1(pt ))_1)let

S(Dt_apt_)
(S(Dt y Pt— )\51//\2(29#))
S(Dt_7pt_)

- 1> ANy, (C.15)

with p1si- = ps(pi-) and os- = os(p-) satisfying

D
+1x(p) + =
ps(p) + b (p) S0)
5 S(De=%Z pAH /) (p))eVZe(l—v)j(pAf/h(p))
+ Mi(p)Ey S(D.p)c=7i® —1

_ S(D, pA /2o (p)) (=i /A (p)
+/\2(p)< ( 25(132(1)))2(1 i —1]=0.vp. (C.16)

Proof. Equation follows the absence of arbitrage. For simplicity, denote F;(s) =
F(Dta D¢, S) :

Apply Ito ’s lemma on both sides of Equation [C.14] and we get

/ T=Glor, w)dn Clpi, s o (pr, s)ds, (C.17)

pt7

which is a function of p; and verifies o5, = o5(p;).
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In addition, we have

WtS(Dtapt) - Wt—S(Dt—,pt—) = 7Tt/ F(Dt,pt, 5>d5 — M- / F(Dt—apt_75)ds
0 0

:/ (ﬂ-tF(Dt)phs) _ﬂ-t*F(thaptfvs))dS'
0
(C.18)

Finally, by Ito 's Lemma, we can see

S(Dbpt),uS(Dtapt) = / F(Dtapta S)MF(ptas)dS - Dt7 (019)
0

D, term shows up as F/(Dy, p;,0) = D;.
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Then we have

S(Z)7 p)e(1*7)j(P)

5 S(D, pAH Jxq(p))et=i@A /22 ()
e S(D, p)e—i®) -1

S(De“"z, )\{{p/j\l(p))ewZe(l—w)j(pA{’/f\l(p)) 1]

s [ POt ) 4 o) [T RO s)oelp s

5 1 > F(De=%Z pA\ /) $)e1Z e(L=7iPA /A1 (p))

( V)J(P)
+ Ao )L < [F(D,pA /Xs(p), s)e i@ el A
2P S(D,p) Jo e(1=7)i(p)

507 /OOO F(D,p,s) (up(p, s) + ox(p)or(p, s)

S [e PZG(pAT /N1 (p), s)erZ =i /X (p) B 1]

G(p, s)e (1-7)i(p)

_ G(pA /Xa(p), s)elt=1 (PA5 /X2 (p))
+A2(p)< Glp, 5)e0—Di® —h))ds

1 /°°
= F(D,p,s)(—pix(p))ds
557, PO
1 /°°
=— u(p F(D,p,s)ds
sy ) )
=~ ttx(p)-
(C.20)
Replace ¢~ with ¢, and we can get Equation [C.16] O

C.3 Equity premium

We first proposes a lemma that characterizes the equity premium for a general equity

asset.

Lemma C.3. For an asset with claim to a stream of dividends with time-t price
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S(Dy, pt), its instantaneous premium is given by r, — 7y = r(py) — 7¢(p:), where

r(p) —ry(p) = —ox(p)os(p)

— MP)E, KS(De—%;Z(, Dp’)\i{) /(D) 1> <ewz+(1—v>(j<m{f/i1(p)H(p)) _ 1)]

— o(p) ((S(D:S’]z)gf;j\;(p)) _ 1> (6(14)(j(px\g/Xz(p))*j(p)) _ 1)) (C.21)

Proof.
dS; + D, dt
Ty— —Tf— = Ey [(tS—d;)] - T(pt*)
.
S(Dy-e=#% p- M/ (pi-))
S(Dt* ) pt*)
S(th y Pt— Ag/j\z(Pr )) }
— 1| —r(ps-
S(Dtnpt*) (pt )

Substituting (C.16|) and into (C.22) yields The RHS of (C.21)), with p = p;. As
S(D, p) is homothetic in D, we can show that in fact the RHS of (C.21)) is a function

of p, which implies that r, — s is a function of p. Finally, as 7y = r¢(p:), r+ must be

— js(p-) + 25 4 i (p)E, [

= - 1] (C.22)

+Xa(p- ) E, {

a function of p;, and this verifies the functional form of r(p;). O

Proof of Theorem [6l Note that

ox(p) = —oc
os(p) = voc.

In addition,

41



B, (S (De~ “”Z,PAH/ Mi(p) 1) (evzmw)(j(prf/w»fj(p)) _ 1)}

e—¥Z f 9P /A1 (),5) 4

<€v26(1'y)j(p/\f1/;\1(p)) >
1 , —1
1—
egps)ds e(1=7)i(p)
H _
S(D,pA} /Az B 1) ( (=) (G0N P2 ) ~i)) _ 1)
S(D,p)

[e.o]

f eg(pvs) ds

s=0

s=0
(1=7)j(p)

T oA R (p).s) X
f ed\PAy /A2(P):8) g e(1=7)i(PAS /X2 (p))
1 —1
e

Combining the results above and the results from Lemma [C.3] yields Equation [30] [
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D The model with full information

In this section we solve the model with complete information. The endowment process
and the representative agent’s preference are the same as is in the main model. However
the representative agent knows exactly the value of Ay;. In this case No; does not provide

any further information and we can focus on a model with Ny; only.

D.1 The representative agent’s value function

For simplicity, we define a Poisson process NS to capture the regime switch. The

process of the regime switch can then be characterized by the following equation:
dhiy = O+ XF—2))dN?. (D.1)

When dN = 1, the \j; changes value and the economy switches the regime it is in.

The (conditional) jump intensity for N, or the probability of regime switch, is
given by:
Ot = O(At) = Gy, + dronly, e, (D.2)

which is a function of Ay.

The representative agent’s value function is characterized by the following propo-

sition.

Proposition D.1. The representative agent’s continuation value V; is given by
Vi = J(Ct, pi),

where

1 )
J(C\) = Ele've<H>J<A1>, (D.3)
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where j(\;), which is defined on {\?, M1} is the solution to the following equations:

B =7)j(A7) = (1= 7uc — —7(1 — 7)o’ (D.4)
+XEE, [¢0V7 Z 1) + ¢y ( N ([EOH=OD) _ 1) (D.5)
ﬂu—vmu¥w:u—vmc—§ﬂ1—wﬁ (D.6)

F AR, [0V _ 1] 4 ¢y, (e(m)(a’uﬂﬁ(m) _ 1> . (D7)

Proof. Conjecture that the representative agent’s continuation value is given by (D.3)).

Conditioning on A4, the value function must satisfy the following Hamilton-Jacobian-

Bellman Equation:

oJ 0*J

9 22
FCI)+ 52Che + 5 C0
+ ME, [J(Cem? M) — J(C, )] + o) (J(CAT+ M= Xp) = J(C, A1) = 0.
(D.8)
Given the conjecture in (D.3)),
% (J(Ce™Z, M) — J(C,Ay)) = D7 — 1. (D.9)

Dividing both sides of by J(C,\;), and substituting and into the

equation yields

BL=7g() = (1 =) — 57(1 =)o

+ME, [0V Z 1] 4 ¢(N) [e(l—w(j<A¥+Af—A1>—j<A1>) _ 1] . (D.10)

As A\ € {M ME} we can explicitly write down the Hamilton-Jacobian-Bellman Equa-
tions when A\ = )\{I or A\iy = )\1, respectively. This ylelds and . O

D.2 The state price density

The following theorem characterizes the state price density process of the model.
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Theorem D.1. The state-price density of the economy is given by

dm
— = pp—dt + 0~ dBey
T—

N (e”Zﬂ B 1) ANy, + (6(1—-\/)(j(/\fl—l—)\f—/\u)—j()\n)) _ 1> dN?, (D.11)
where firi- = fir(Aii-), Ont— = 0x( A1~ )and

pir(M1) = = (8 + pe — 105)
— \E, [e(v—l)Z —1] — é(N\) (e(lﬂ)(J’(/\{“/\f*/\n*j(/\ﬂ) _ 1) (D.12)

ox(A1) = —yoc. (D.13)

Proof. Duffiec and Skiadas| (1994) show that

Lo 0
7 = oxp { | e v;>} KA (D.14)
The functional form of f implies
0 Vi
— f(Ce, V) =B(1 —v)—=

— ﬁcgwe(kwﬁ(/\u)_

Combining (D.14)) and (D.15)), we get

)

™ = Bexp { 577/ (Cs vs>} Cy et (D.16)
0

With It6 ’s Lemma, we have

dm
— = Pt~ dt + 07— dBey
T—

+ (e'th N 1) dNy; + <€(1—’Y)(j(z\{{-l—)\f—/\u)—j()\u)) _ 1) dNtS, (Dl?)
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where

0 1
it = 5 f (G Vi) = e + 57(v + Do (D.18)
Ont = —Y0C (D.19)
Combining (3)), (D.3) and (D.10)), and we have
0 J(CuVe) = =B = B(L = )i
Bt ty Vi) = V)I AL
1
=== (1 =uc+ 571 =)0’
—\E, [6(7*1)5 _ 1] _ ¢(>\1t) |:€(1—7)(j(AfI-H\f—)\u)—j()\lt)) —11.

(D.20)

Substituting (D.20) into (D.18), and we get

pirt = —(B + po — 7y0¢)
—\.E, [e(v—l)z —1] = 6(Aw) <e(1—"1)(j()\{{—i-)\f—)qt)—j()\u)) _ 1) , (D.21)

which is a function of A\y; and confirms (D.12]). O

Theorem D.2. The riskfree rate, 74, is given by
T = Tf()\lt) = ﬁ + Ho — ’)/0'2 + AltEu [e'YZt (eth — 1)} . (D22)
Proof. Non-arbitrage implies that

E, [@} = —r, (D.23)

where 7, is the instantaneous riskfree rate. Combining (D.17) and (D.23]) yields

fint = — (rﬁ + B, [07 = 1] + g(Agg)e B Hfﬂu)fj(m]) , (D.24)
Substituting (D.21)) into (D.24)), and we get (D.22)). O
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D.3 Pricing an equity strip

The dividend process is given by . Again the following lemma characterizes the

non-arbitrage condition for the process of equity strips.

Lemma D.1. Define the function

(D.25)

Ty Dy
F(Dt,/\lt,S) :DtEt|: i ! :| .

T Dy

Then F; = F(Dy, A1, s) is the time-t price of the dividend with maturity s ,and

(D.26)

« Dy
G()\lt,S) = Et |:7Tt ! :|

e Dy
is the price-dividend ratio at time t. Moreover, F} satisfies

dF,
F—t = ppr-dt + op-dBey
L
GO 4 AL — Ay, s)

G()‘lt* s S)

+ (€77 — 1) dNy, + ( — 1) dN?, (D.27)

with scalar processes ppy = pg(Ait, s) and ogy = o (A1), satisfying

(A, 8) + pe(M) + om(M, 8)or (M) + M E, [e0797 — 1]

G+ AF — Ny, 5)e-DIT+A" =20
o) ( GO, 5)ed—i0m —1)=0 (D29

with (A1) and o.(\1) given by (D.12)) and (D.13)), and ¢(A;) given by

oA = dnor
Qb(Af) = ¢L—>H~

Proof. Non-arbitrage condition implies (D.25]), and Markovian property of the state
variables implies ([D.26]).
It6 ’s Lemma leads to (D.27)) and the functional forms of pugy and og.

Absence of arbitrage implies that the process m F'(Dy, A14, s) must be a martingale.
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Consider a sufficiently small but positive At. It follows It6 's Lemma that

t+At t+AL
7Tt+AtFt+At = / 71-uF;/,(,uFu + Hru + UFuUﬂu)du + / 7'["uITu(O-FU + Uﬂ'u)dBCu
t t

+ Z (ﬂ-ulkFulk — Wukou;) + Z (WUEFUE — Wungu?) . (D.29)

t<uyp<t+At t<uy <t+At

where uy, = min{t : Ny; > k} and uf = min{t : N° > k}. With (D.17) and (D.25),

we know

G<>‘1u1k ) S>6(7_W)Zulk

_ — 1 = (=) Zuyy, _
Ty Huy Wu;kHul—k = GO ) l=c¢ e — 1 (D.30)
. . G(Aug S)e(l_w)j(kluf) 1 D)
7Tu5' us 7TuS* wS~ - 1— ) by 7) - .
k k k k G<)\1u577s)6( 7)3( luf
k

Reordering and we have

t+AL
ToratHiae = mHy +/

t+

7TuHu <,UJH(A1ua 5) + ﬂw(Alu) + UH(>\1u7 S)Uﬂ(Alu)

+ MJEL [6(7_@)2"' — 1:|

GO + AL — Mgy, 5)e(=DgOT+A" =210)
+ ¢()\1u) ( G()\lu, 8)6(177)9()‘1"@) —1 du

t+At
+ / 7"'ul_lu(o"Hu + O'Tru)dBCu
t

+

[321)
t+At
V=) Zu
+ Z (7Tu1kHu1k - 7r141_16‘[?[11,1_]\) - /+ )\luEu |:6( 2 -1
t<uip<t+At t
=3

t+At G(/\H + AL — )\m, S)e(lf'y)g()\H+)\L,)\1u)
+ SZ: (mgHug - EfH 57) —/t (A 1u) ( G(Alu,s)e(l—‘v)g(/\lu) —1]du.
t<uf <t+At

[D323)
(D.32)

As (D.32[1), (D.32/2) and (D.32/3) all equal zero in expectation, the first integral must
equal zero in expectation as well, which implies (D.28]). O

The following theorem gives the functional form of the price of an equity strip.
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Theorem D.3. The time-t price of an equity strip maturing at time ¢ 4+ s, Dy, is
given by
F, = F(Dy, M\, 8) = DyG(53 \yy) = Dy (D.33)

where the continuously differentiable function g(s; Ay¢) is the solution to the following

system of ordinary differentiable equations:

d
g5 M) = = B p — pio + (1 = §)od + NLE, [(0797 — (0717

+ ¢y e IOID=OD)] <69<8;A{I>—g<s;xf _ 1) (D.34)

d _ _
EQ(SQ M) ==B8+up —pc+v(1 —p)og + AE, [e('y ¥z _ o0 UZ]
gm0 IBOROD] (-0 1) (.35
(D.36)
with boundary condition
9(0, A1) = 0, Ay = A7 A (D.37)

Proof. We proof this by conjecture and verify.

Conjecture that the time-t price of an equity strip with maturity s is given by
(D.33). First Dy = H(Dy, A1z, s) implies (D.37)).
Ito ’s Lemma suggest that

d
pr (A1, s) = pup — £G(s; A1) (D.38)

or(A,s) = poc. (D.39)
In addition,

GO 4 AL — )\, 5)e-nIT+HAT=N)
G(/\b 5)6(1_V)j(>\1)

=€

—1

(=) (AT HXE=21) = (A1) ) +g(sA T+ =AD) —g(s:A1) _ 1 (D.40)
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Substituting (D.12)), (D.13]), (D.38), (D.39) and (D.40) into (D.28]) yields

d — —
%9(35 M) =—B+up—pc+y(1—¢)ok +ME, [6(7 07z _ 1)2]

+ ¢()\1)6(1—7)[j(AHJr/\L—M)—j(M)] (eg(s;AH+>\L—>\1)—g(s;>\1) _ 1) . (D.41)

As Ay € {M7, AL}, we then can specifically write down (D.34) and (D.35|) conditioning

on the value of A;.

]

D.4 Equity premium

In what follows we present a lemma parallel to Lemma [D.1]

Lemma D.2. Let {D; s}s>0 be a dividend stream with dynamics given by Vs.
Then

S<Dt7 )\115) =

S

F(Dy, A4, s)ds

Lo~y

[e.e]

:Dt/G()\lt,s)ds (D.42)

s=0
is the time-t price of the dividend stream, or equity. Moreover, there exist processes
re and opg, such that

ds
S_t = psi-dt + osi-dBey
.

S(Dy—, N+ XE— )\0)
S(Dt*7)\1t*)

+ (7% — 1) dNy, + ( — 1) ANy, (D.43)
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with 1 = ps(pr-) and o5 = og(p) satisfying

ps(p) + pr(p) + %

+ Mi(p)Ey {Swewz’AI)W — }

S(D, A1)
- S(D, AT 4 AL — \))e(=Mi+AT=A)
+)\2(p) S(D )\1) (1—=y)7(A1)

- 1) = 0.¥p. (D.44)

Proof. Equation follows the absence of arbitrage. For simplicity, denote Fy(s) =
F(Dt, )\lt; S).

Apply Ito ’s lemma on both sides of Equation [D.42] and we get

)\lta
A1, S)ds, D.45
/ fo (A1g, u) on(hie8) ( )

which is a function of \; and verifies og; = o5(A1;).

In addition, we have

7TtS<Dt, )\1t) — Wt—S(Dt—, )\1,5—) = 7Tt/ F(Dt, )\R, S)dS — T— / F(Dt—, )\1t—75>d8
0 0

= / (WtF(Dt,Alt,S) — 7Tt7F<Dt7,)\1t7,S))d8.
0
(D.46)

Finally, by [to 's Lemma, we can see
S(Dy, M) s (Dy, Ary) = / F(Dy, Mie, 8)pir(A1g, 8)ds — Dy, (D.47)
0

D; term shows up as F(Dy, \4,0) = D;.
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Then we have

,U/S(>\1) + +Uw<)\1)05()\1)

D
S(D, \)
S(De=%Z \)er?
S(D, ) ]

+ )\lEu |:

S(D, M4 N — X)) eI A =An)
o) S(D, Ay )e=i0) -1

:m (/OOO F(D,)\l,s)up()\l,s)ds) + maﬂ(h) /OOO F(D, A, 8)0r(A1, 8)ds

1 o0
- E, [F(De %% \ 7 _1]d
S(D,)\l)/o FDe A, s)e” = 1] ds

1 < (F(D. N 4+ )\ — )\ : (1=y)iAF+2E=))
+¢(A1)—)/ ( (DA + A7 = 5)e —1)ds
0

+ A\

S(D, A\ e(1=7)j(A1)

o), FON) (“F““ )+ e (Aar(hr, )

(v—p)Z
ME, [G(Al,s)e B 1

G()\l, S)

GO 4 M — X 5)e(TmMIT A =An)
+ ¢(\) ( GO, 5)e( a0 —1 ds
1

=500 /OOO F(D, M\, 8)(—piz(N1))ds

1 [e.e]
- - | F(D
uﬂ()\l)S(D7)\l>/0 (D, M\, s)ds

= - Mﬂ()‘l)'
(D.48)

Replace ¢~ with ¢, and we can get Equation |D.44! O

In what follows, we proposes a lemma that characterizes the equity premium for a

general equity asset.

Lemma D.3. For an asset with claim to a stream of dividends with time-t price
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S(Dy, A1t), its instantaneous premium is given by 1 — 7 = (A1) — rg(A1r), where

r(A1) —7rr(M) = —0x(M)os(Ar)

() (<S(D> ASJIL(I; if)_ M) 1) (e(lfw(j@{mfm)fjul)) B 1)) (D.49)

Proof.

(dS, + Dy-dt)

Ty— —Tf— = E- { di

| =)

Dt_ S(Dt— e_‘pZ‘, )\125_)
= ns(hii) + == + A\y-EB, —1 D.50
s (i) g+ [ S(Di-, M) (D-50)
S(Dy=, M+ A — Ayy-)

+ o0, | “1) =)

S(-Dt*u )\lt*)

Substituting (D.44) and (D.12) into (D.50) yields The RHS of (D.49)), with A\; = Ay;.
As S(D, ;) is homothetic in D, we can show that in fact the RHS of (D.49) is a

function of A;, which implies that r; — rg; is a function of A\;. Finally, as rp = 77(\1),

r, must be a function of Ay;, and this verifies the functional form of r(Ay,). O

The following theorem characterizes equity premium in the case with full informa-

tion.

Theorem D.4. The instantaneous risk premium for an equity asset as a claim to (21))

is given by

r(\) = rp(A1) = vpod
—ME, [(e7%7 = 1) (7 —1)]

o) ((S(D, Ag(;,i{;)_ M) 1) <e<H>(Nf“f*kl)ﬂ'(m) _ 1)) . (D.51)

Proof of Theorem [D.4l. Note that

ox(p) = —voc
os(p) = voc.



In addition,

E, (S(é)(eD—m — 1) (77 — 1)]

B[~ 1) (7 - 1)]

SN =) ) (oot -xmion) 1)
S(D, \)

_ (5D, MAMN-N) 1 <€(17'y)(j(/\fIJr)\lLf)\l)fj(/\l)) _ 1) '
S(D, A1)

Combining the results above and the results from Lemma yields Equation [30] O
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Figure 1: Evolution of financial moments given realization of one disaster and one
regime switch
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Note: Simulated moments of the equity asset in the case of a disaster realization and a
regime switch. The sample length is 1440 trading days (6 years, with each year having
240 trading days). The realization of disaster is on the 240" day of the simulation
sample, while the regime switch happens on the 960" day of the simulation sample.
The physical regime starts with the high-risk state, and switches to the one with
low risk. The belief of the agent in the learning case starts with the unconditional
probability of the high-risk state (¢;—u/(¢r—r + ¢r—m)). There are no diffusion
shocks (Bey = 0) throughout the simulation. rx denotes the excess returns, and rf
denotes the riskfree returns. The dividend at the beginning of the simulation sample
is 1. The unit is percentage per annum.
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Figure 2: Realized daily excess return given realization of one disaster and one regime
switch

2551 Y -

0.2 i

|

BE.BE e pR— |
_7496 L0

Learning i

1 2 3 4 5 6
Year

Note: Simulated realized excess returns of the equity asset in the case of a disaster
realization and a regime switch. The sample length is 1440 trading days (6 years, with
each year having 240 trading days). The realization of disaster is on the 240 day
of the simulation sample, while the regime switch happens on the 960" day of the
simulation sample. The physical regime starts with the high-risk state, and switches
to the one with low risk. The belief of the agent in the learning case starts with the
unconditional probability of the high-risk state (¢ u/(ég—r + ¢r—m)). There are no
diffusion shocks (B¢ = 0) throughout the simulation. The unit is percentage per day.

59



Figure 3: Simulation sample moments of market portfolio excess return with different

signal characteristics
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Note: Distribution of simulated moments of market excess returns. There are 2,000
parallel simulation samples, and each sample has length of 58 years. The figures on the
left are with unconditional signal intensity ratio A% /A = 0.1, while the figures on the
right are with unconditional signal intensity ratio AY /A = 0.5. The red lines stand
for sample median, the black dashed lines stand for empirical estimates, and the red
stars stand for sample mean. The unit is percentage per annum.
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Figure 4: Simulation sample moments of riskfree rates with different signal character-
istics
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Note: Distribution of simulated moments of riskfree rates. There are 2,000 parallel
simulation samples, and each sample has length of 58 years. The figures on the left are
with unconditional signal intensity ratio A% /A’ = 0.1, while the figures on the right are
with unconditional signal intensity ratio A /A4 = 0.5. The red lines stand for sample
median, the black dashed lines stand for empirical estimates, and the red stars stand
for sample mean. The unit is percentage per annum.
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Table 1: Calibration and simulation parameters

Panel A: Basic parameters

Average log growth in consumption pc (%) 2.50
Average log growth in dividend pp (%) 2.90
Volatility of consumption growth oc(%) 2.00
Leverage of equity asset ¢ 3.00
Rate of time preference (3 0.012
Relative risk aversion -y 2.6

Panel B: The process for Ay,
Probability of switching to the high state ¢, 5(%) 3.33
Probability of switching to the low state ¢z, (%) 33.33
Probability of disaster in the low state A(%) 0.07
Probability of disaster in the high state (%) 30.75

Note: Parameter values for the main calibration, expressed in annual
terms.
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Table 2: Summary statistic of the market portfolio & riskfree
rates with infrequent signals

Panel I: Full Information

Statistics Estimate Mean 90% CI
RX, 6.81 6.29 [3.01,10.73]
oRx 16.91 19.58 6.22, 31.87]
Skewness —0.83 2.05 [—0.96, 4.80]
Rji 0.78 1.49 [—2.45,3.62]
OR, 2.41 5.18 [0.00,9.88]
Panel II: Learning Case
Statistics Estimate Mean 90% CI
RX, 6.81 7.40 [5.46,9.66]
ORX 16.91 12.92 [5.80, 22.74]
Skewness —0.83 —0.80 [—2.66,0.70]
Ry, 0.78 0.06 [—2.33,1.34]
o, 2.41 2.92 [0.00, 6.14]

Note: This table compares the simulation results with the cases of
learning and full information. Panel I reports the simulated mo-
ments when the economy has perfect information, while Panel 11
reports the results when Ay; is latent and agent learns the value
through disasters. We simulate 2,000 parallel samples, and each
sample has length 58 years. The empirical moments are computed
using annual weighted average returns of NYSE/AMEX/NASDAQ
and gross returns of one-month treasury in each calendar year. The
sample period is 1961-2018.
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