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Abstract

An important step in the Financial Benchmarks Reform [I] was taken on 13th September
2018, when the ECB Working Group on Euro Risk-Free Rates recommended the Euro Short-
Term Rate €STR as the new benchmark rate for the euro area, to replace the Euro OverNight
Index Average (EONIA) which will be discontinued at the end of 2021. This transition has a
number of important consequences on financial instruments, OTC derivatives in particular.

In this paper we show in detail how the switch from EONIA to €STR affects the pricing
of OIS, TRS and XVAs. We conclude that the adoption of the “clean discounting” approach
recommended by the ECB [2], based on €STR only, is theoretically sound and leads to very
limited impacts on financial valuations.

This finding ensures the possibility, for the financial industry, to switch all EUR OTC
derivatives, either cleared with Central Counterparties, or subject to bilateral collateral
agreements, or non-collateralised, in a safe and consistent manner. The transition to such
EONTIA-free pricing framework is essential for the complete elimination of EONIA before its
discontinuation scheduled on 31st December 2021.
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1 Introduction

The Financial Benchmarks Reform aims to strengthen the reliability of the most important
interest rates in front of the weaknesses observed after the credit crunch crisis of 2007. In
February 2013 the G20 gave mandate to the Financial Stability Board (FSB) to promote a
reform process of the principal financial benchmarks. In July 2014 the FSB issued two important
recommendations: a) to strengthen Interbank Offered rates (IBORs), in particular linking the
fixing procedure to real transactions, and b) the identification of risk-free rates (RFR) alternative
to IBORs [1].

Focusing on the European Union (EU), the EU Benchmark Regulation, published on 8th
June 2016 and expected to enter into force on 1st January 2022 [3], sets the new rules regarding
financial benchmarks. The European Money Market Institute (EMMI), the administrator of the
Euro OverNight Index Average (EONIA) [4] and of the Euro Interbank Offered rate (EURIBOR)
[5], launched in 2016 a review programme in order to align these benchmark rates with the
requirements of the BMR. While EURIBOR, was successfully reformed and declared BMR-
compliant on 3rd July 2019, both EMMI’s and ECB’s extensive data analyses showed that
EONIA could not be reformed, and EMMI communicated to stop any further effort on 1st
February 2018. As a consequence, EONIA is expected to be discontinued on 31st December
2021 (the last EONIA fixing will be published on 3rd January 2022).

On 26th January 2018 the European Central Bank (ECB) established the Working Group
on Euro Risk-Free Rates [6] in order to identify and recommend new risk-free rates alternative
to the current benchmarks used in contracts. On 13th September 2018 the Working Group
recommended the euro short-term rate €STR as the new risk-free rate for the euro area. The
€STR reflects the wholesale euro unsecured overnight borrowing costs of euro area banks, it is
published on each TARGET?2 business day “T+1” based on transactions conducted and settled
on the previous TARGET?2 business day (reporting date “T”) with a maturity date of T+1 [7,[g].
Since 2nd October 2019 EONIA is published by the ECB as €STR plus a fixed spread equal
to 8.5 basis points. Such spread was calculated by the ECB on 31st May 2019 as the average
difference between EONIA and the pre-€STR in the period from 17th April 2018 to 16th April
2019.

Focusing on derivative instruments, the introduction of €STR and the EONIA discontinua-
tion has a number of important consequences:

1. the OTC derivatives’ market has to switch to trade €STR-indexed instruments, i.e. €STR
Futures, €STR Forward Rate Agreements (FRAs), €STR Overnight Indexed Swaps (OISs),
instead of the corresponding EONIA-linked instruments, and possibly to start new €STR-
linked options, i.e. €STR Caps/Floors, €STR Swaptions;

2. the legacy EONIA-linked instruments with maturity beyond the EONIA discontinuation
date, i.e. EONIA OISSEL has to be converted to €STR using the fall-back protocol elabo-
rated by ISDAP}

3. the discounting rate and the Price Alignment (PAI) rate used by Central Counterparties
(CCPs) to discount future cash flows of cleared EUR trades and to compute EUR collateral

Lother EONTA-linked derivatives, i.e. EONIA Futures and FRAs, typically have short maturities which do not
cross the EONTA discontinuation date.

20n 1st October 2019 ISDA published supplements 59 and 60 to the 2006 ISDA Definitions, which provide a
new Floating Rate Option for €STR and an amended version of the EONIA Floating Rate Options, so that they
have fallbacks based on the EU Risk Free Rate Working Group’s recommendation. See also https://www.isda.
org/2020/05/11/benchmark-reform-and-transition-from-1libor| (URL visited on 24th July 2020).
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interest amounts has to be switched from EONIA to €STRP}

4. consistently with the CCPs’ discounting switch, also bilateral collateral agreements cover-
ing non-cleared EUR OTC derivatives using EONIA collateral rate should be re-negotiated
to €STR;

5. finally, consistently with cleared and collateralized derivatives, also non-collateralized EUR,
OTC derivatives where EONIA is used as discounting rate should be switched to €STR-
discounting;

6. as a consequence of the changes above, and in particular of the CCPs EUR discounting
switch, market quotes of traded EUR OTC derivatives has to be interpreted as cleared
or collateralized using €STR for discounting and margination, and the associated im-
plicit quantities, e.g. forwards, volatilities, correlations, etc. have to be derived using
€STR-discounting. In particular, EUR single- and multi-currency yield curves have to
be bootstrapped from EUR Overnight Indexed Swaps (OISs), Interest Rate Swaps (IRSs)
and Cross Currency Swaps (CCSs) using €STR-discounting.

While the CCPs’ switch was decided centrally after extensive consultations, the bilateral
CSA switch is left to direct agreements between conterparties. No-arbitrage requires that trades
under bilateral CSA are priced consistently with the collateral rate specified in the CSA. If
the collateral rate is different from €STR, the price differs from the corresponding €STR-
discounting price, the difference being called Collateral Valuation Adjustment (COLVA, see
[9, 10, 11]). Clearly, managing multiple discounting regimes for different netting sets, CSAs and
counterparties creates an additional operational complexity. Because of this reasons the Working
Group on Euro Risk-Free Rates encouraged “market participants to make all reasonable efforts
to replace EONIA with the €STR as a basis for collateral interest for both legacy and new trades
with each of its counterparties (clean discounting)” [2].

Still to avoid arbitrage possibilities, it is natural to adopt €STR-discounting also for any
other non-collateralized OTC derivative, but in this case also the associated valuation adjust-
ments (XVAs, see e.g. [9, 10, [11]) have to be switched consistently, including, in particular, the
funding spread used for Funding Valuation Adjustment (FVA).

In this paper we show in detail how the switch from EONIA to €STR overnight rates affects
the pricing of OIS, IRS and their associated XVAs, and what are the consequences on cleared,
collateralised and non-collateralised linear financial instruments. The paper is organized as
follows: in sec. [2] we introduce the notation, we briefly remind the basic theoretical framework,
we proof the equivalence of EONIA and €STR forward probability measures, and we remind the
OIS, IRS and FVA formulas; in sec. [3] we analyse the theoretical and numerical impacts of the
transition on OISs, both in the true discrete and in the approximated continuous compounding
regimes; in sec. 4| we analyse IRS; in sec. [p| we analyse the impacts of the transition including
XVAs, while in sec. [0 we draw the conclusions.

2 Preliminaries

2.1 Theoretical Framework

One of the major innovations in financial mathematics after the credit crunch crisis was that,
assuming no arbitrage and the usual probabilistic framework (€2, F, F;, Q) with market filtration

3LCH and EUREX planned the discounting switch on 27th July 2020, using cash compensation or dummy
trades to manage the corresponding NPV and collateral jumps. See https://www.lch.com/membership/
ltd-membership/ltd-member-updates/transition-to-%E2%82%ACSTR-Discounting-Updated-Timing for LCH
and https://www.eurexgroup.com/group-en/newsroom/circulars/clearing-circular-1942440| for EUREX.
URLs visited on 24th July 2020.
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F: and risk-neutral probability measure Q, the general pricing formula of a financial instrument
with payoff V(T') paid at time T > ¢ is

Vet) = Vi'(t) + XVA(1), (2.1)
Vi (t) = ER[D(6: T)V(T) | 7] = P(t: T)E [V(T) | 7], (2:2)
B«(t) _ T
DY+ T) — _ Ji ra(u)du 9.
(5T) = Fagpy =€ % ", (23)
P (t;T) = E [D*(t;T) | 7], (2.4)
where the base value (sometimes also called mark to market) V{*(¢) in egs. is inter-

preted as the price of the financial instrument under perfect a— collaterahzatlo H the discount
(short) rate 74(t) in eq. (2.3)) is the corresponding a—collateral rate, B*(t) is the collateral bank
account growing at rate ro(t), D*(¢t;T) is the stochastic collateral discount factor, P*(¢;T) is
the collateralised Zero Coupon Bond (ZCB) price, and Q% is the T-forward probability measure
associated to the numeraire P(t;T). We stress that the same instrument may be subject to
different CSAs with different collateral rates ro, 73, etc. Hence different discount factors, Zero
Coupon Bonds and T'—forward measures may be used in egs. —, leading to different
prices Vi*(t). This is the reason why we specified the a—collateral everywhere. We also stress
that the T-forward measures Qf are different, but the risk neutral measure Q is unique, as
pointed out in the literature (see e.g. [15] [16]). We will denote with subscripts the rate char-
acteristics, e.g. the rate typology, and with apices the collateral characteristics. The notation
above is helpful since we have to deal with EONIA and €STR both as underlying and collateral
rates. Tab. [I] summarizes the pricing of the base component of fair value in both discounting
frameworks.

Quantity EONIA €STR
Collateral rate TEON resT
Risk-neutral VEON(t) = B2 [DEPON(,TYWV(T)]  VEST(t) = EZ [DEST(t; T)V (T)]

measure pricing

EON €ST
T-Forward mea- VEON() = PEON@TYEYT [V(T)] VET(t) = PEST(H, TVEST  [V(T)]
sure pricing

Stochastic  dis- DEON(t: T) = e~ S rpon(u)du DET(H:T) = e~ S resr(u)du
count factor

Zero  Coupon  PPON(#;T) = EZ [DFON(t;T)] PEST(t,T) = EZ [DEST(t;T)]
Bond

EONIA-€STR A= T€ST(t) - TEON(t) = —8.5 bpS.

spread

Table 1: EONIA and €STR pricing frameworks for a derivative with payoff V(T') at maturity T. We
denote with « € {EON,€ST} the EONIA and €STR related quantities, respectively. To simplify the
notation, we omit filtrations explicited e.g. in eq. (2.2]).

Valuation adjustments in eq. , collectively named XVA, represent a crucial and con-
solidated component in modern derivatives pricing which takes into account additional risk
factors not included among the risk factors considered in the base value Vj in eq. . These
risk factors are typically related to counterparties default, funding, and capital, leading, re-
spectively, to Credit/Debt Valuation Adjustment (CVA/DVA), Funding Valuation Adjustment

4

i.e. an ideal CSA ensuring a perfect match between the price Vo(t) and the corresponding variation margin
C(t) at any time ¢t. This condition is realised in practice with a real CSA minimizing any friction between the price
and the collateral, i.e. with daily margination, cash collateral in the same currency of the trade, flat overnight
collateral rate, zero threshold, minimum transfer amount and independent amount.



(FVA), often split into Funding Cost/Benefit Adjustment (FCA/FBA) and initial Margin Val-
uation Adjustment (MVA), Capital Valuation Adjustment (KVA). A complete discussion on
XVAs may be found e.g. in [10] [I1]. Hence, for XVAs pricing we must consider the enlarged
filtration G; := F;VH; 2 Fy where Hy = o({7 < u} : uw < t) is the filtration generated by default
events (see e.g. [12]). More details on XVAs pricing are discussed in sec. below. Notice
that we do not consider here the Additional Valuation Adjustments (AVAs) mentioned in the
Basel Frameworkﬂ and in the EU Capital Requirement Regulation (CRR, [13]), since they are
not accounted at fair value but through capital (CET1).

The theoretical setting above is supported by an extensive literature, see e.g. [14} [15], [16]
and refs. therein.

2.2 Equivalence of Forward Pricing Measures

In this section we show that the EONIA and €STR forward probability measures (@%ON and

5T are equivalent. First of all we write the relationship between VFON(t) and V57T(¢) as

follows,
ViEST(t) = BE [ DST(6,1) V(1)
_ ]E? [67 [ reon(w)+A] du V(T)} (2.5)
= ¢ AT(ET) Y EON(4),
For ZCBs a similar relationship holds,
PEST(1;T) = EF [ DST(:T) |
—E? [67 17 (reon(u)+A) du] (2.6)

— efAT(t,T)PEON(t; T)

Eqs. (2.5) and ([2.6) lead to

Q?T B V0€ST(t) B e—AT(t,T)VOEON(t) B VOEON(t) B @?DN
Et [V(T)] - p€ST(t;T) - e—AT(t,T)PEON(t;T) - pEON(t;T) - Et [V(T)] (2'7)

Equation ([2.7)) proves the equivalence of the two forward measures Q%ON and Q?S T A similar
derivation can be found in [I7]. We notice that this property holds for any deterministic non-
costant spread and even for a stochastic spread independent of rgon.

2.3 OIS and IRS Pricing

In this section we remember the pricing formulas for Interest Rate Swaps (IRSs) and Overnight
Indexed Swaps (OISs), using a single unified notation enconpassing both cases.

We consider a generic Swap contract, which allows the exchange of a fixed rate K against a
floating rate, characterised by the following time schedules and pyoffs for the floating and fixed
legs, respectively,

T = [Tv,....T;, ..., T,], floating leg

S =1[S0,...,8j,...,Sm|, fized leg

To= 8o, T,=Smnm, (2.8)
Swaplet ., (13; Ti-1, Ti) = NRy(Ti-1, Ti)7r(Ti-1, Ti),

Swaplet,(S;; Sj-1, S, K) = NK7r(Sj-1,5;),

Shttps://www.bis.org/basel_framework, URL visited on 13th Aug. 2020.
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where Tx and Tr are the year fractions for fixed and floating rate conventions, respectively, and
R, (T;—1,T;) is the underlying spot floating rate with tenor z, consistent with the time interval
[T;-1,T;], as explained below.

The Swap’s price at time t is given by the sum of the prices of fixed and floating cash flows
occurring after ¢,

n

Swap(t;T,S, K,w,a) =wN | > Pt T)F(t)r(Ti1,Th) — KAt S,0) |, (2.9)
i=nr(t)
A(t;S,Od) = Z Pa<t; Sj)TK(Sj_l,Sj), (2.10)
J=nx(t)
where N is a nominal amount, w = +/ — 1 for a payer/receiver Swap, nr(t) = min{i €

{1,..,n}st. T; > t} and ni(t) = min{j € {1,...,m}st. S; > t} indexes the first future
cash flows in the Swap’s schedules, A(¢; S, «) is the Swap’s annuity, o denotes the Swap’s CSA
with collateral rate r,, and Ff‘l(t) is the forward rate observed at time ¢, fixing at future timﬁ
T;—1 and spanning the future time interval [T;_1,T;], given by

FO(t) = F (6T 1, T) = By [Ro(Tioy, T3] (2.11)

By construction, the forward rate Fy';(t) is a martingale under the forward measure %, associ-
ated to the CSA-numeraire P*(t;T;).

The par swap rate R, (t; T, S, ), i.e. the fixed rate K such that the Swap is worth zero, is
given by

D iany P& T (O mR(Ti-1, Th)
R,(t; T,S,a) = A(E:S, 0) .

In the case of IRS the underlying rate R, (T;—1,T;) is an IBOR with a tenor x consistent with
the time interval [T;_1,7;] (e.g. © = 6M for EURIBOR 6M and semi-annual coupons). IBOR
forward rates Fﬁl(t) are computed from IBOR yield curves built from homogeneous market
IRS quotes (i.e. with the same underlying IBOR tenor z), using the corresponding OIS yield
curve for discounting, a procedure commonly called multi-curve bootstrappingﬂ In the present
context we must also stress that both market IRS and OIS used for yield curve bootstrapping
must share the same aa—CSA. Only in this case we may write the usual expression of forward
rates

(2.12)

e _ 1 Pz?é (t; T‘ifl) _ :|
Fxﬂ(t) (T T) [ Po(t:T) 1, (2.13)
where 77 is the year fraction with the forward rate convention and P (t;T;) can be interpreted
as the price of a risky ZCB issued by an average IBOR counterpartyﬂ We stress that eq. (2.13)
above is a recursive definition of P7(¢; T;) at T;, given the market forward rate I, (¢) at [T;—1, T}]
and P& (t; Ti—1) at Ti—q.

In the case of OIS the underlying rate R, (T;—1,7T;) = Ron(Ti—1,T;) is an overnight rate with
a daily tenor (z = on) compounded across the time interval [T;_1, T;],

1 -
on(li-1,T3) = — 7~ 1 on(Tig—1,T; Tik-1,T; -1, 2.14
Ron(Ti-1,T5) T Ta T {kl;[l[ + Ron(Ti =1, Ti )7 (Tije—1, Tire)] } (2.14)

Sif T;_1 <t < T; the rate has already fixed, hence Fri(t) = Re(Ti-1,T3).

since OIS and IBOR, curves with different tenors are involved, see e.g. [I8, 9] for a detailed discussion.

8i.e. an issuer with a credit risk equal to the average credit risk of the IBOR panel, see e.g. [20] and App.
We stress that the a—CSA index in Py (¢;T;) is simply inherited from the forward rate Fy';(t) on the Lh.s.
of eq. , which, according to eq. , is associated to an instrument with a—CSA, but it does not refer to
a CSA associated to risky ZCBs.



where for each coupon period [T;_1, T;] in the floating leg there is a nested sub-schedule including
n; — 1 overnight fixing dates,

E = {E,lv "'71_15,167 "'71_%,77,1'}7
Tio=Ti—1, Tipn, =1,

uz

U T, il = (Ti-1, T (2.15)
k=1

ng

ZT(Ti,k—laTi,k)] — T(T:iflaj—‘i)-

k=1

OIS forward rates Fg ,(t) are computed from OIS yield curve built from homogeneous market
OIS quotes, where the overnight CSA rate R, is equal to the underlying overnight rate R,
a procedure called single-curve bootstrappingﬂ Only in this case we may write the usual no-

arbitrage expression of OIS forward rates

Foi(t) == Fg,(t) = TF(Til,Ti) [

Pt Tioa) 1} 7 (2.16)

Pe(t;T;)

where, differently from eq. , now P%(t; T;) can be interpreted as the price of a ZCB issued
by a counterparty under a CSA with collateral rate R,—, as discussed in sec. 2.1}

We stress that, in the pricing formulas above, we consider a general situation where the
underlying floating rate R, (T;—1,T;) can be different from the CSA rate R,. In particular,
during the transition period, a “dirty discounting” situation is possible, where the same Swap
could be cleared with a CCP using €STR-discounting, qccording to the CCP rules, or traded
with a market counterparty using EONIA-discounting, according to the existing bilateral CSA.
A similar situation could also happen whenever counterparties agree to transform bilateral CSA
rates from EONIA to €STR+8.5 bps (to avoid NPV and collateral jumps and discussions on
possible compensation schemes).

2.4 XVA Pricing

In this section we focus on the Funding Valuation Adjustment (FVA) defined as the cost of
financing a derivative position across its entire lifetime (also called Funding Cost Adjustment,

FCAL),

T
FVA®(t) = ~E2 / DO (t;10) [HO ()] Ly Loy 53 (11)

Eg [VZ)(?C(U> T)] - Cg(u)a
ri(t) = ra(t),

gt] )
(2.17)

He (u)
s7(t)

where H¢'(u) is the Institution’s exposure at time u > t relative to counterparty ¢, Vi, (u, T) is

the base valuﬂ at time u of any future cash flow exchanged with counterparty ¢ in the time
interval [u,T] (a.k.a. “mark to future”), C%(u) is the a—collateral amount (variation margin)
posted by counterparty ¢, s¢(u) is the Institution’s instantaneous funding spread, 7, and Lir,>u}s
x € {c,I} are the corresponding default times and survival indicators. The integral covers the
entire lifetime of all trades with counterparty ¢ up to the last cash flow date T'. The positive part
in eq. (2.17) means that a positive exposure of the Institution I with respect to counterparty

9since one single yield curve is involved, see [18] for a detailed discussion.

'0We do not consider here the other funding-related adjustments, i.e. the Funding Benefit Adjustment (FBA)
and the Margin Valuation Adjustment (MVA), but the discussion could be easily generalized to include also these
XVA components.

e assume “risk free” closeout at the base value, without any adjustment



¢ carries a funding cost emerging from the corresponding hedging trades, either cleared with
a CCP or subject to bilateral CSA, where the variation margin posted by the Institutionlﬂ is
funded and compensated at the instantaneous collateral rate r,(t).

Similar formulas for other XVAE can be found in e.g. [I0, II]. Survival probabilities used
for XVAs are computed from default curves built from market CDS quotes using OIS yield
curve for discounting. In the present context we assume that both market CDS and OIS used
for default curve bootstrapping share the same CSA rates.

To the purposes of sec. b we consider a simplified situation consisting in a single uncollat-
eralized trade with one single deterministic future cash flow C(T') received by the Institution I
from counterparty c at time T'. In this case the Institution’s exposure is always positive, hence
the DVA for I is zero. We also assume that the counterparty c is default-free, hence the CVA
for I is zero as well. As a consequence, only the FVA is non—nul]lE and reduces to

gf]

]:u:| ‘]:t} sr(u)E? []1{71>u}

FVA°(t) = —EC

/t " D) [E® | D*(u, T)C(T) guH+ 51(u)1 gy

T . .,
= _C(T)/ EQ [e—ft ra(s)ds pQ [6_ [, Ta(s)ds
t

’Ht} du
= —C(T) /tT EQ [EQ [D(t;T)|Fu) }]—"t] sr(uw)Sr(t,u) du

T
P TYO(T) /t s1(u)Sr(t,u)du, (2.18)

where S;(t,T) = E? []1{7—1>T}‘/Ht] = Q(r7 > T) is the survival probabiliy of I until time 7,
evaluated in ¢ (see App. [B.1)), and we assumed independence of credit and interest rate processes.
Using the following relationship (see App. |B.3)

auS](t,u)
S[(t, u) (

and the following expression for the price of a risky Zero Coupon Bond issued by Institution I
with recovery rate Recy (see App. ,

sp(u) = — 1 — Recy), (2.19)

Pi(t;T) = P*(t;T) (Recr + (1 — Recr)Sy(t,T)), (2.20)
we obtain the simple expression for FVA,
T
FVA%(t) = —(1 — Recr)P“(t; T)C(T)/ _OuSi(t,u) Sr(t,u)du
Sr(t,u)

1= Ree))PC(T)C(T) | 0uSi(t,u)d
= (1= Reey) )/ 1t ) du (2.21)

= (1 — Recy) P (t; T)C(T)[S;(t,T) — 1]
= —[P*(t;T) — P7(t,T)|C(T)
= =Vg'(t) + P7(t, T)C(T),
and for the total fair value
Vet) = Vi¥(t) + FVA%(t) = Pf(t,T)C(T). (2.22)

Eq. (2.22) formalizes the intuition that including the funding cost amounts to discount at
the funding rate. We stress that this simple result holds only under the simplified hypotheses
described above.

12the Institution’s exposure on hedging trades is specularly negative, so variation margin must be posted by
the Institution to the CCP or to the hedging counterparty.

13the most common XVAs are credit/debt valuation adjustments (CVA/DVA), which take into account the
default risk of the two counterparties.

“Margin Valuation Adjustment (MVA) is also null since there is no initial margin, and we discard KVA



3 OIS Impacts

In this section we analyse the impacts of the transition from EONIA to €STR on EUR OIS
instruments. Since an OIS depends on overnight rates both in the underlying index and in the
discounting, i.e. collateral rate, we consider the impact of the transition on both sides. We
analyse both the discrete (sec. and continuous compounding regimes (sec. , relying
on the basic theoretical concepts reported in sec. The corresponding numerical results are
discussed in sec.

3.1 Discrete Compounding

We start to price one single €STR OIS floating coupon (OISlet) using eq. (2.9)) (shorting the
notation of year fractions),

OISletesr(t; Ty_1, i, a) = PO(t; T))E®T: [Regp(Ti—1, Ti)] TR, (3.1)

where, in principle, the collateral rate R, is different from the underlying rate Regp. We now
restrict our analysis to the particular case where the collateral rate R, is either Rgon or Regsr,
and we switch the underlying spot €STR compounded rate, given in eq. (2.14)), to EONIA,

1[5
Resr(Ti-1,Ti) = — {H 1+ Resr(Tip—1, Tig)Tik] — 1}
b k=1
1[5
= {H [+ [Reon(Tik-1,Tik) + Al Tig] — 1} . (3.2)

T
t k=1

We show in App. that the €STR OIS price and par rate are given by

OISesr(t; T, S, K,w,a) = OISpon(t; T, S, K,w,a) + wN > P*(tT3)Sq:(A)7rs  (3.3)

i=ng(t)
Resr(t; T, S, ) = Rpon(t; T, S, o) + 04(t; A, T, S, ), (3.4)
Yimnn) PO T) 0 (A) TR,
t:A,T = =R ’ ’ .
6d( y ,S,Oé) A(t, S,Oé) ) (3 5)
Y4i(A) = Festi(t) — Fron,i(t)
A | PEON(4. T, i PEON (4. T,
_ ( ) 1) ( ) ,l) (3.6)

~ 5 | PEON(;T) o Til PEON(: T, 1)

where 6q4(t; A, T, S, a) (“d” stands for “discrete”, to be compared with the continuous case in
sec. [3.2) is the spread between the EONIA and €STR OIS par rates due to the spread A on
the overnight rates.

We notice that the forward rate spread 34;(A) in eq. (3.6) approaches the overnight rate
spread A for vanishing rates, thanks to the additive property of the OIS year fractions in eq.
. As a consequence, also the par rate spread d4(t; A, T, S, ) in eq. (3.5) approaches A,
in particular when the fixed and floating schedules are the same (i.e. T' = 5).

We notice also that egs. - hold for any collateral rate which differs from EONIA by
a constant spread. The generalization to a non-constant deterministic spread is straightforward.
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3.2 Continuous Compounding

It is interesting to examine the limit case of continuous compounding where 7;, — 0 and the
€STR spot overnight rate in eq. (3.2) becomes

1 T
R€ST(Ti—17Tz‘) sz [efTi—1 resr(u)du 1]
T;

(3.7)

1 [e A J1i, TroN(u) du _ 1] .
Ti

We show in App. [A.2] that in this case the €STR OIS price and par rate are given by

OISesr(t T, 8, K,w,a) = OISgon(t; T, S, K,w,a) + wN > P*(t;T)Sci(A)7ri, (3.8)

i=nr(t)
RgST(t; TS, a) ~ REON(t; T, S, a) + (5d(t; AT, S, a), (3.9)
Dicry PU (6 T)Eei(A)Th
Sa(t: A, T — TR i i 1
d( ) ) 7S,a> A(t, S,Oé) ) (3 0)
Yei(A) = Fegr,i(t) — Fron,i(t)
_ L oan PEON@ T, 1)
== (27 — 1] PEON(1.T) (3.11)

As for the discrete case, we notice that, for vanishing rates, ¥.;(A) — A and 64(t; A, T, S, o) —
A.

3.3 Numerical Results

We analyse the impact of the transition from EONIA to €STR on OIS par rates comparing
the quoted EONIA OIS term structure with the theoretical €STR OIS term structure built as
described in sec. eq. . We show in figs. (1| and [2| the impact on two business dates
(24/06,/2019 and 30/06,/2020), when the OTC derivative market quoted OISs assuming EONIA
CSA, consistently with the approach of CCPs. Hence, we are using eq. with overnight
collateral rate R, =EONIA.

EUR OIS Term Structure impacts (24/06/2019)

0,55

= — 89
0,35 8,8
g 015 87 —
g ]
% -0,05 86 2
= —o—£STR Par Rate (l.h.a.) T8
EONIA Par Rate (l.h.a.) o«
-0,25 Spread (r.h.a.) 8,5
ON Spread (r.h.a.)
-0,45 3.4
-0,65 8,3
0 10 20 Pillar (v) 30 40 50

Figure 1: impact on OIS par rates. Left hand axis, continuous orange line: quoted EONIA OIS term
structure as of 30/06/2020; continuous blue line: €STR OIS term structure built as described in sec.
Right hand axis, continuous grey line: spread between EONIA and €STR par rates; dashed grey
line: 8.5 basis point constant spread between EONIA and €STR overnight rates.
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EUR OIS Term Structure impacts (30/06/2020)

8,6

0,25 /“M\\ 85
o / o
-0,65

8,3
30 40 50

0,55
—o—€STR Par Rate (l.h.a.)
EONIA Par Rate (l.h.a.) 8,9
0,35 Spread (r.h.a.)
ON Spread (r.h.a.) 88
0,15
£ 8,7
8-0,05
0
o

Rates (bps)

0 10 20 pjjjar(v)

Figure 2: As in fig. (1] as of 30/06/2020.

As expected, according to egs. —, the spread between EONIA and €STR OIS par
rates is not constant, but it depends on the level and shape of the term structure of EONIA OIS
quotes. The difference with respect to the constant spread between EONIA and €STR overnight
rates (8.5 bps) lies in the interval [—0.2,40.4] bps on the first date, an interval smaller than the
typical market bid-ask spread of these instruments on the most liquid maturities (i.e. a couple
of basis points). On the second date the difference is reduced by one order of magnitude (RMSE
= 0.03 bps versus RMSE = 0.34 bps), quite below the bid-ask spread, due to the significant
lowering of the EONIA OIS term structure. Part of this analysis is also reported in [2I]. This
result is consistent with egs. — and with the small value of 8.5 bps between €STR and
EONTA overnight rates.

We conclude that the constant spread of 8.5 bps between €STR and EONIA overnight rates
does propagate to par OIS rates in a non-trivial way, but the residual distortion in the OIS
term structure is quite small, depending on the level and shape of the market OIS par rates.
As a consequence, one is allowed to bootstrap the €STR yield curve starting from EONIA OIS
market quotes minus 8.5 bps and, viceversa, bootstrap the EONIA yield curve starting from
€STR OIS market quotes plus 8.5 bps.

4 IRS Impacts

In this section we analyse the impacts of the transition from EONIA to €STR on EUR IRS
instruments, indexed to EURIBOR. Looking at the pricing formulas in sec. (egs. ,
and ), we recognize that the switch has both a direct and an indirect effect, as also
discussed in detail in [21]. The direct effect is observable on IRSs subject to EONIA-discounting
(because of either clearing rules, CSA rules or internal policy), due to the simple switch to
€STR-discounting, keeping constant the forward rates (“constant forward rates approach”).
The indirect effect is observable on EURIBOR, forward rates because of the switch to €STR-
discounting in the multi-curve bootstrapping procedure used to build the EURIBOR yield curves
(see the discussion related to eq. ), keeping constant the market IRS par rates (“constant
par rates approach”). We stress that the simultaneous switch of discounting curve both in pricing
and in bootstrapping leads to a null impact on quoted par swap rates, since the bootstrapping
procedure, by construction, fits the market quotes.

In the following sections we analyse both impacts, using an €STR-discounting curve pro-
duced from the theoretical €STR quotes obtained by shifting the market EUR OIS quotes by
—8.5 bps, as discussed in sec. |3)).
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4.1 Constant Par Rates Approach

The constant par rate approach assumes that market EUR IRS par rates are not affected by the
transition. As a consequence the quantities in IRS par rate formula (2.12]) behaves as follows,

PEON@:T) — PEST(4,T), i =ng(t), ..., n,
PEON(t 8y — PEST(1,S)),  §=nk(t),...,m,
A(t; S, EON) — A(t; S, €S7), (4.1)
FEON(t) — FET(t), i=mnr(t),...,n,
R,(t;T,S, EON) — R,(t; T,S,€ST) = R,(t; T, S, EON).
We show in fig. |3 the differences between EONIA and €STR based EURIBOR 6M forward
rates Ffﬂ/%y(t) - Fﬁ‘flf(t) up to T' = 50Y for two different dates ¢ (total 100 + 100 points).

FE{E]\?]ZV (t) forward rates were computed from the EURIBOR 6M curve bootstrapped at time ¢

using EONIA-discounting, while F57%(¢) forward rates were computed from the EURIBOR 6M
curve bootstrapped at time ¢ using €STR-discounting.

Spread between EONIA and €STR based EURIBOR 6M forward rates

06
31/05/2019
04 © 30/06/2020
0.2 ..M..
o .... ....
o
o 0 ‘...p'”.. LI
g v
g 3 7 12 17 220, 27 22 37 42 47
g ...
-0,2 O,

|

-0,6
Pillar (Y)

Figure 3: differences between EONIA and €STR based EURIBOR 6M forward rates FGL;V%V (t) fFfA;g[’Ti(t)
up to I' = 50Y, for ¢ =31/5/2019 and t =30/6/2020. Minor irregularities are due to the interplay between
yield curve shapes and interpolation effects.

The differences result to be quite small, lying in the interval [—0.4,40.5] bps, and their term
structure and global amount remain stable for the two dates examined (RMSE = 0.27 bps for
both dates). We conclude that the indirect impacts under the constant par rates approach are
negligible.

4.2 Constant Forward Rates Approach

The constant forward rate approach assumes that EURIBOR forward rates are not affected by
the transition. As a consequence the quantities in IRS par rate formula (2.12)) behaves as follows,

PPN Ty) — PET(4T,), i =ng(t),. .., n,
PEON(t, 85y — PEST(1:S)), 5 =nk(t),...,m,
A(t;S, EON) — A(t; S, €ST), (42)
Fd™M(t) — BT () = BN (@), = na(t),.on,
R.(t;T,S, EON) — R,(t; T, S, €ST).
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We show in Fig. [ the impact of the transition on par swap rates. In particular, we show market
quotes for EURIBOR 6M IRS par rates (EONIA discounted) versus theoretical EURIBOR 6M
IRS par rates (€STR discounted) computed using eq. , and their differences for two
different dates.

IRS quotes impact (31/05/2020) IRS quotes impact (24/06/2019)
1,0% 0,2 1,0% 0,2
- ’ =o=Mkt IRS quotes (l.h.s.)
0,8% 0,8% Theo IRS quotes (I.h.s)
0 01 ) Spread (r.h.s.) 0.1
0,6% —o-—MKkt IRS quotes (I.h.s.) 0.0 0,6% 0.0
Theo IRS quotes (I.h.s) ! ’
» 04% Spread (r.h.s.) = 0,4% =
% 01§ % 018
0,2% 2 0,2% 2
= =
02 % 02 ¢
0,0% 0,0%
-0,2% -0,3 -0,2% -0,3
-0,4% -0,4 -0,4% -0,4
0 10 20 30 40 50 0 10 20 30 40 50
Pillar (Y) Pillar (Y)

Figure 4: Discounting switch impacts on IRS par rates in the constant forward rates approach. Market
IRS quotes (blue lines) refer to EURIBOR 6M IRS par rates (EONIA-discounting); theoretical quotes
(orange lines) refer to EURIBOR 6M par rates in new €STR-discounting regime, obtained using EONIA
based 6M EURIBOR forward rates; spreads (grey lines) refer to the differences between Market IRS
quotes and theoretical quotes.

The differences result to be quite small, lying in the interval [—0.3,40.1] bps; moreover, on
30/06/2020 the differences were sensibly reduced (RMSE = 0.09 bps versus RMSE = 0.19 bps).
Part of this analysis is also reported in [21].

Hence, also under the constant forward rate approach the impact of the discounting switch
on IRS is negligible.

Overall, we conclude that the transition from EONIA to €STR overnight rates affects both
par IRS rates and implied forward rates in a negligible way, also considering multi-curve boot-
strapping. As a consequence, one may switch multi-curve bootstrapping of IBOR curves and
IBOR-IRS pricing from EONIA to €STR quite safely. Furthermore, the adoption of a “clean
discounting” approach, where counterparties agree to switch bilateral CSAs from EONIA to
€STR flat and to switch the discount curve accordingly, is theoretically sound and practically
feasible.

5 XVA Impacts

In this section we show that, assuming constant funding rates under the EONIA-€STR tran-
sition, the impact on the fair value V() of an uncollateralised trade is greatly reduced by a
compensation effect between the impacts on the base value Vy(t) and on the FVA(t).

5.1 Particular Case

We will proof the proposition above in the simplified situation outlined in sec. using eq.
(2.21)), which is referred to a single cash flow received at time 7" from a default free counterparty.
According to eq. (2.1)) and (2.21]), the fair value of this trade is given, under EONIA-discounting,
by

VEON@) = VIFON(t) + FVARON (1) = PEON (1, T)C(T). (5.1)
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Let’s introduce the following zero rates,

R(t;T, EON) = — log PEON (¢, T),

1
7(t;T)

Ry(t;T, EON) = — log PFON(1:T), (5-2)

1
T(t:T)
Si(t,T, EON) = R;(t;T, EON) — R(t; T, EON),
where Sy is the funding zero spread. We assume here that the transition does not affect the
Institution’s absolute funding level, i.e. that bonds and other funded instruments issued by
I maintain constant prices across the transition. Hence, the Institution’s funding (zero) rate
R;(t; T, EON) remains constant across the transition, and the impact on the reference discount

rate R(t; T, EON) is absorbed by the corresponding impact on the funding spread S;(t, T, EON).
As a consequence the quantities in eqgs. ([5.2]) above behaves as follows,

R(t; T, EON) — R(t;T,€ST),
R;(t;T, EON) — R;(t;T,€ST) = R;(t; T, EON),
PEON(t ) — PEST(1.T), (5.3)
PPON(:T) — PEST(1;T) = PPON(T),
S[(t, T, EO]V) — S[(t, T, €ST)
Notice that the transformation of St in eq. leads to

Si(t, T, €ST) = R;(t; T, €ST) — R(t; T, €ST)
= S;(t,T, EON) — [R(t; T, €ST) — R(t; T, EON)] ~ S;(t,T, EON) — A,  (5.4)

where the last equality is obtained from

1 PEON (. T) 1 E;@ [e_ ftT reon(u) du:|

R(t;T,€ST) — R(t; T, EON) = 1 ’ 1
( T) — R( N) T o og - [67 (= du}

PEST(t;T) — 7(t;T)

1
7T

E? [6_ I reon(u) d“] (T —t)

1 A(Tft) _
oge AT

log ~A. (5.5)

E;Q [6_ ftT[T‘E()N(U)-i-A] du} - T(t;T)

The result in eq. ([5.5) above is also reported in [I7]. We notice that possible different conventions
for spread and zero rate year fractions could lead to an approximate equivalence. Using eq. (5.3)),
the fair value in eq. (5.1]) becomes

VEON(t) = PFON T)C(T) — PEST(1,T)C(T) = PPN T)C(T) = VEON®),  (5.6)

i.e., the fair value is constant across the transition.

The exact result proved above can be generalised to a collection of fixed positive cash flows
(e.g. the fixed leg of receiver IRS), since the simplified FVA formula in eq. still holds for
each single cash flow.

We conclude that, under appropriate hypotheses, the impact of EONIA-€STR transition on
the fair value V of a trade is null, since the impact of the discounting switch on the base value
Vb is balanced by the corresponding impact on the FVA.

5.2 General Case

In the general case of multiple stochastic cash flows with defaultable counterparties the XVAs
formulas are more complex (see e.g. [10 [I1]) and the simple proof given in the previous sec.
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is no longer straightforward. In any case, guided by the simplified case, we may still leverage on
the impacts analysed in sec. 3| to understand qualitatively the impacts of the EONIA to €STR
transition, as followg "}

CVA: it is a negative adjustment dependent on the Expected Positive Exposure (EPE) — it
is affected by a negative impact (CVA becomes more negative).

DVA: it is a positive adjustment dependent on the Expected Negative Exposure (ENE) — it
is affected by a positive impact (DVA becomes more positive).

FVA: it is a negative adjustment dependent on the Expected Positive Exposure (EPE) — it
is affected by a negative impact (FVA becomes more negative, as for CVA); furthermore,
the FVA is also dependent on the funding spread S; — it is affected by another negative
impact.

We conclude that the impact of the transition on FVA is larger than for CVA and DVA, hence
the cancellation effect between the FVA and the base value Vj across the transition discussed in
the previous sec. still exists. Notice that trades with negative exposure generate a positive
impact.

The discussion above actually depends on the XVAs management practice of Institutions,
which is known to be quite diversified both in the selection of which XVAs are accounted at
fair value and in the construction of own credit and funding curves (see e.g. [22]). We included
CVA, DVA FVA (FCA actually) and we discarded the FBA, MVA and KVA, but this is only
one possible choice. Hence, the exact conclusions regarding the impact of the EONIA to €STR
transition should be carefully examined by each Institution according to its internal XVAs policy.

6 Conclusions

We have shown in detail how the transition from EONIA to €STR overnight rates affects the
pricing of OIS, IRS and their associated XVAs, and what are the consequences on cleared,
collateralised and non-collateralised linear financial instruments, both from a theoretical and
numerical point of view.

In particular, we have shown that the constant spread of 8.5 bps between €STR and EONIA
overnight rates does propagate to par OIS rates in a non-trivial way, but the residual distortion
in the OIS term structure is quite small, depending on the level and shape of the market OIS
par rates. As a consequence, the differences between market quotes of €STR and EONIA OIS
are expected to amount to 8.5 bps, except in case of illiquidity problems, and one is allowed to
safely bootstrap the €STR yield curve starting from EONIA OIS market quotes minus 8.5 bps
or, viceversa, bootstrap the EONIA yield curve starting from €STR OIS market quotes plus
8.5 bps. These yield curves can be used to price EUR OIS indexed to EONIA or €STR. They
can also be used as discounting curves for any kind of trade, consistently with either EONIA or
€STR collateral.

Regarding IRS, we have shown that the transition from EONIA to €STR overnight rates af-
fects both par IRS rates and implied EURIBOR forward rates in a negligible way, also considering
multi-curve bootstrapping. As a consequence, one may safely switch multi-curve bootstrapping
of EURIBOR curves and EURIBOR IRS pricing from EONIA to €STR.

Finally, we have shown that the impact of the transition from EONIA to €STR on non-
collateralised trades is greatly reduced, since changes in the base value tends to be counter-
balanced by corresponding changes on Funding Value Adjustment (i.e. its negative component
of Funding Cost Adjustment).

15n our discussion we conventionally assume that CVA/DVA /FVA are negative/positive/negative adjustments,

respectively.

16



The combination of the three findings above makes theoretically sound and safe the adoption
of the “clean discounting” approach recommended by the ECB [2], EONIA-free and based on
€STR only, to any trade: cleared, under bilateral CSA, non-collateralised, with a limited impact.
Such conclusion is valid at least for linear IR derivatives, which cover most of the trading volume
and existing positions in the EUR market. Analyses for non-linear IR derivatives can be found
e.g. in [23,24]. Hence, after the EONIA to €STR switch performed on 27th July 2020 by Central
Counterparties for cleared derivatives, the financial industry may safely proceed to switch both
bilateral collateral agreements covering non-cleared EUR OTC derivatives, and, consistently,
non-collateralised OTC derivatives including XVAs. Such EONIA-free pricing framework is
essential for the complete elimination of EONIA before its discontinuation on 31st December
2021.

Appendices

A OIS Detalils

A.1 Discrete Compounding

We compute the €STR forward overnight compounded rate Fegr i(t) expected at time at time
t < T; for the future OIS floating coupon period [T;_1, T;] as the expectation of the corresponding
spot rate in eq. - ) under the T;—forward measure, using the forward measure equivalence

@%S T Q%ON discussed in sec.

€ST QE()N

Q% ‘
Fesri(t) =B, [Resr(Ti—1,Ty)] =B, " [Resr(Ti—1,T;)]

1 QEON T A
= —E, 1 ik—1, 1; i 1
- kH1[ + [Reon(Ti -1, Ti k) + Al 7] —

== H 1+ |E, " [Rpon(Tik—1,Tin)] + A| Tig| — 1
i | (A.1)

= {H [1+ [Fron,ik(t )+A]Ti,k]—1}

1 PEON(t:T; .
= H[ EOZE/, = 1)+ATi,k}_1 :
Ti |y L PPONE Tig)

(see e.g. [18, [19] for detailed math), where Fgon,;k(t) is the forward overnight rate observed
at time ¢ for the future overnight period [ ik—1,Ti ], a martingale under the T;;— forward
measure QTM given in eq. - In eq. we assumed Tp; , = 7; 1 V 4, k. The product in the
last row of eq. may be manipulated as follows,

+ ATi’k}

o7 [ PPN T )
i L PPON(G T )

PEON: T, )
PEON(t; Ti,ni)

_ [PEON(t; Tip) A 1} . [PEON(t;TM)

- \»2i0) N N ek S VA NP I
PEON(t;TM) PEON(t.E2)+ 7—272]

+ A Ting

g

7 PPNt T ) S PEON(4: T 1) .
= s > .

k:l;Il PEON(t: T, 1) A;Tzlkl_ll PEON(£. T, 1) + f[O(A™,m >2)], (A.2)
i
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where f gathers the remaining terms of order m > 2 in the spread A, which can be neglected.
The second term in eq. ({A.2]) can be written as follows,

N(t; Tip—1) o~ PEONWT) vy PEOY( Tik-a)
AN 7 =AN 7 ’ L 34y A3
;T ! H PEON t T k) ZT lPEON(t Ti,l—l) kl;Il PEON(t; Tz,k) ( )

Hence, considering the telescopic product

rr PEON Ty 1) PEON:T)  PPON(LTq)

_ _ , A4
Pt PEON(t; szk) pEON(t; Thm) PEON(t; Tz) ( )
eq. (A.1) becomes
1 | PEON(; T, PEON(H T, ) <~ PEON T,
Fesr,(t) ~ — EO]EI ~ 3 +A EO]E/ — 3 Til BEON (. i _ 1
7 | PEON(;T;) PEON(;T;) & "' PEON(1, T, )
= Fon,i(t) + X (A), (A.5)
A | PEON( T, ) & PEON(t: T},
ai(A) = — —EOJE; — 1) T BEON GEL) (A.6)
i | PPONGT) = PRON(E Tig-a)

(A.5) allows to express the €STR forward overnight compounded rate as the EONIA
forward overnight compounded rate plus the spread in eq. (A.6). Hence, the price a €STR OIS

is given, using eq. (2.9)), by

OISgsr(t; T, S, K,w, o) = wN Z P*(t;T;)Fest,i(t)Tri — KA(t; S, ) |
i=nr(t)
=wN<{ Y [P(6T)Feoni(t)Tri + PO (6 T)Sqs(A)7ra) — KA(t; S, 0) ¢,
i=ng(t)

= OISpon(t; T, S, K,w,a) + wN Z *(t; T1)Ea:(A) TR (A7)
i=ng(t)

The €ST OIS par rate is obtained by setting OISeggr(t; T, S, K,w,«a) = 0 and solving for K.
The result is given in eq. (3.5]).

A.2 Continuous Compounding

If we consider the limit for 7; ;, — 0, we can write (3.2)) as

1 T du
Resr(Ti—1,Ti) = — |e [ Jri rest(w) —1]

_ L[ gnreontu+aldu _1] (A8)

1 -eATief;;ifl T'EON(u)du _ 1:| .
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As in the discrete case (eq. (A.1])), we compute the forward rate,

Fegri(t) —]E [Res(Ti—1,T})]
= { ATzEQT [ fT 17'EON(u)du:| _ 1}
. N
- { PEON PRONGT) [eﬁTz reon(u)duelri_y TEON(S } - 1}
_ 0 S
{ PEONt T)E [ ft gon(u)d } _1}
B L PEON(L T, ) 1
N “PEON(. T;) ,
_l %f +l(ATzil)%
= Fron,i(t) + Xc; "
Pei = GTi1) (an ) (A.10)

T PPON(LT,)

where we switched from T;—forward measure Qr; to risk neutral measure Q. As in discrete case
discussed in sec. eq. allows to express the €STR forward overnight compounded rate
as the EONTA forward overnight compounded rate plus the spread in eq. . Hence, the
price a €STR OIS is given, using eq. , by

OISesr(t T, 8, K,w,a) =wN | Y P*(t;T;)Fesr,(t)tr; — KAt S, 0) |,
i=nr(t)
=wN 4 Y [P T) Fponi(t)Tri + PO (1) Sei(A)7ri] — KA S, 0) § |
i=ng(t)
= OISpon(t T, S, K,w,a) + wN > P*(5T3)5ei(A)rs.  (A.11)
i=nr(t)

The €ST OIS par rate is obtained by setting OISeggr(t; T, S, K,w,a) = 0 and solving for K.
The result is given in eq. (3.10]).

B Risky ZCB details

B.1 Hazard rate

The hazard rate v = y(t) referred to the default time process 7 is defined as
y(t)dt = Q(t < T < t+dt|T > t) (B.1)

that is the probability that default occurs within the interval (¢,t + dt], conditioned to the fact
that the default has not already occurred at t; using conditioned probability definition, we may
write

Qt <7 <t+dt)=~(t)Q(r > t)dt (B.2)
and then

Qt <7 <t+dtlr>t)=QUr <t+dtyn{r >t}

Q{r >t} \{r >t +dt}) (B.3)
Q(r>t) —Q(r >t + dt).

—_
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Setting I'(t) := Q(7 > t) we get

D(t) — T(t + dt) = y(H)D(¢)dt (B.4)
I'(t) = —y(8)T(2). (B.5)

+

Hence we obtain the following expression for the survival probability
Q(r > t) = T(t) = e Jo 1()ds, (B.6)
The derivation above assumes v deterministic. According to [12] for v stochastic we have

Q(r > t) := EC |:1{T>T})Ht:| _ RO [e— Sy (s)ds

Ht} = S(0;1). (B.7)

B.2 Risky Zero Coupon Bond

We define the risky zero coupon bond with no recovery rate as the bond issued by a defaultable
issuer I paying one unit of currency at maturity 7" if the issuer I has not defaulted before. The
price at time ¢ < T is given by a generalization of eq. (2.4)),

Pi(t;T) =E? [D(t; 7)1, 51y1Ge] (B.8)

where 77 > t is the (stochastic) default time of the issuer. If interest rates and default time are
independent of each other we obtain, using eq. [B7]

Pr(t;T) =E2 [D(t; T)|F) EQ [1(r, 57y [ He]
— P(t:;T)S;(t;T) = EQ [e= [ P9+ ()]ds

]-"t} . (B.9)

where S(t,T) is the survival probabiliy for I until time 7', evaluated in ¢, and + is the hazard
rate defined in sec. [Bl

Let’s now consider the more realistic case where recovery rate is represented by a non-null
process Ry. It can be shown (see [25], 26]) that the price of a risky zero coupon bond becomes

Pi(t;T) = E2 [D(t; 7)) R(T1) L7, <1y + Dt T 7,57y

T u (B.10)
=E2 {/ Ry(u)yr(u)e Je TEOTEds gy | o pre: T).
t
We adopt the recovery of treasury model ([25] 26]), such that
Ri(t) = Recr P(t;T), (B.11)

where Recy is a constant. Under such model the price of the risky zero coupon bond in eq.
(B.10) simplifies as

T
Pr(t;T) = RecﬂE(tQ / P(u, T)vr(u)e” J [T(s)‘LW(s)]dsdu] + Pr(t;T)
L/t

T
= Rec;E2 | D(t;T) /t vr(u)e Jr Vl(s)dsdu} + Pi(t;T) B.12)

= Rec/E2 [D(t;T) (1 e W<S>d5)] + Pt T)

= Recy [P(t;T) — Pr(t;T)] + Pr(t; 1)
= P(t; T) [RGC[ + (1 — RGC])S[(t, T)] .
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B.3 Funding Spread
The zero funding spread rate defined in eq. (5.2)) can be written as

1 P(t;T)
t,T) = 1 . B.1
SI( ) ) T —¢ og P](t,T) ( 3)
Using eq. (B.12)) above we obtain
1 1
St T) = o T e T = S . T)
1
=7 log {1 — (1 — Recy) [1 — Si(t,T)]}
- (B.14)

Tt log [1 -1+ S[(t,T) + Recy — RecIS[(t,T)]

_ _Tl_t log{SI(t,T) [1 + Recy (‘1 + &(tlT))] }

We now recall that the survival probability may be defined through the hazard rate (define in

sec

Sp(t,T) = e~ i 1()ds, (B.15)

Inserting the survivial probability (B.15]) inside the spread rate formula (B.14]), we arrive to (see
[27], [25])

St,T)= ftT’Y(S)ds S log [1 + Rec (eftTW(S)dS - 1)} (B.16)
’ T—t T—t ! '

In order to obtain the short spread rate, we apply the limit

sp(t) := lim S(¢,T) =~(t)(1 — Recy). (B.17)

T—t+

Using eq. (B.5) we finally obtain

sp(u) = —W(l — Recy). (B.18)
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