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We present a way to compute additive marginal contributions for the six capital mea-
sures forming the capital computation under the new Basel III market risk regime, com-
monly named “Fundamental Review of the Trading Book regime” (FRTB, [9, 11]). Marginal
contributions are most useful for the allocation of capital charges and risk weighted as-
sets (RWA) to individual risk factors, financial instruments and/or portfolios. For most
components we apply the Euler theorem.

1. Overview

As response to issues observed in the capitalization of banks during the Lehman crisis, the Basel
Committee started out to fundamentally reform the computation of regulatory capital in a series
of proposed regulations and consultations [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. While the process is still
ongoing, a number of features have stabilized and the general framework can be assumed to be fixed.
Consequently, certain legislations have started the process to implement the regulation into local law,
cf. e.g. the European CRR2 draft [13].

In ongoing monitoring and reporting as well as allocation of capital costs, the impact of single
portfolios, financial instruments / trades and/or certain risk factors presents a permanent challenge.
This is especially evident when considering the enlarged complexity of the FRTB component risk mea-
sures, substantially increasing efforts on operative risk management side. Measures of the individual
contribution of sub-portions of the full book are an efficient tool to facilitate such ongoing tasks.

While in practice, one or a mixture of marginal, incremental and standalone measures are used,
marginal measures derived using the Euler method (also known as allocation by gradient) have been
shown to be the only suitable definition of risk contributions both from the practical aspect of risk
adjusted performance measurement [15] as well as a quite fundamental axiomatic approach [16]. This
was confirmed in Reference [17] which, apart from a broad overview on the topic, also depicts the
results of a long-term comparison of the various measures in a real-life application. Therefore, the
application of marginal measures for the allocation of the FRTB risk charges suggests itself.

In the following we will briefly comprise the regulatory framework as well as provide an overview on
the methods used to compute the marginals. Section 2 outlines the necessary quantities and methods
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with particular focus on the Euler theorem and the treatment of inhomogeneities. Subsequently, we
then present the specific results for the individual FRTB components. To work in order of increasing
complexity, we first address the IMA in Part I and continue to the SA in Part II.

Outline of the regulatory framework

The proposed framework consists of two approaches, a Standardized Approach (SA) and an Internal
Models Approach. In turn, the SA is composed of three components:

* Sensitivity-based Approach (SBA): approximates a classical (partial-revaluation variance/covariance
delta+) market risk model by applying prescribed shocks on sensitivities and aggregating using
prescribed correlations; it is composed of three contributions: delta, curvature and vega risk

* Residual Risk Add-On (RRAO): notional-based add-on for risks not covered by the SBA and DRC
components

¢ Default Risk Component (DRC): Jump-to-Default (JtD) sensitivity-based capital charge against
default risks

Also, the IMA is composed of three components

¢ Internal Model Capital Charge (IMCC): classical market risk simulation over a stress period,
however, applying an expected shortfall (ES) risk measure and, in order to restrict diversification
and account for liquidity horizon, based on up to 90 profit/loss (PL) distributions

* Scenarios of Extreme Stress (SES): capital add-on for risk factors not eligible for inclusion into
the IMCC component (non-modellable risk factors (NMRF)), computed as individual stress tests

¢ Default Risk Component (DRC): simulation of default events not included in the IMCC, based
on a Value-at-Risk (VaR) risk measure

For most components it is prudent to compute the marginals using the Euler method as it is the
methodologically correct way [16]. Additionally, it carries the advantage that it allows re-using inter-
mediate results from the actual charge computation.

Merely for IMA DRC an alternative approach is used, leading to more stable marginals than obtained
from the Euler method.

2. Methodology

For brevity we assume familiarity of the reader with the notion of scenarios, PL distributions and risk
measures in general as well as sub-additivity, coherence, the Value-at-Risk and the expected shortfall
in particular. Clarifying nomenclature, by trade we refer to a booking of a financial instrument into
a specific portfolio. It is the smallest considered entity and, therefore, usually, the goal is to identify
the marginal contributions of trades. Marginal contributions of overall financial instrument positions,
portfolios, issuers or other levels of aggregation are obtained by addition of trade-level marginals. To
bear flexibility, we will, in the following, refer to the smallest entities considered as elements.

2.1. The Euler theorem

The concept of the Euler allocation is based on the fact that a homogeneous function f(x) of degree 7,
i.e. for which
flkx)=k" f(x)



holds, can be represented by its partial derivatives with regard to the coordinate(s) x € R" (thus, it is
sometimes also referred to as allocation by gradient).
Namely, differentiating the homogeneity relation w.r.t. k yields

N 6 f(kx) d(kx;)
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and with k = 1 the Euler theorem follows as
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If f(x) is e.g. arisk charge, then the N components of x are the risk contributors, i.e. elements, which
jointly yield the overall charge and whose individual contributions are given by the addends. In this
setting, the allocation of the risk charge is trivial.

Appendix A outlines the usage of the Euler theorem with a series of examples helpful for the appli-
cation to the FRTB risk measures. For further details on the application in risk management refer to
[1].

2.2. Inhomogeneous functions

For the cases considered here, inhomogeneities arise primarily from minimum, maximum, absolute
value and Heaviside functions as part of the aggregation formulae. In order to apply the Euler theorem
in a valid fashion, these inhomogeneities need to be addressed.

To this avail, one can make use of the fact that these functions are actually evaluated only once:
during the computation of the relevant top level (standalone) risk charge. The decision, which argu-
ment of the function prevails is then fixed. When, in a second step, computing the marginals, these
functions can be considered mere decision rules, the outcome of which has already been decided in
the first step. Consequently, the marginal computation would always take the contribution from the
same argument which prevailed during the computation of the top level charge.

If keeping track of these decisions when computing the top-level charge, max(x)/min(x) functions
thus turn into deterministic operations for the computation of the marginals. The same is true for the
absolute value | x| = abs(x) which is equal to max(x, —x). The resulting function is then homogeneous
and can be safely allocated using the Euler theorem.

In the following, we denote such operations, the outcome of which is determined/saved during the
top-level aggregation and employed as deterministic operation/decision rule during the marginal
computation, by an index which indicates the object to which the logic is related (e.g. the bucket, the
computation for which the function is used for). We define it formally as

max{; ({x]}) = X x;op—level > x;op—levelvj 1)
mind () 1= xS < xPTIely @
absi (x) := max£ {x,—x} 3)
®£(x) — ®£ (xtop—level) (4)

where the indices f and b imply the use in the computation of some f,(x;).



Part |I.
Internal Model Approach (IMA)

3. Internal Model Capital Charge (IMCC) = Expected Shortfall
Component (IMA ES)

The IMCC is based on the coherent expected shortfall risk measure, consequently, one may expect that
the capital allocation should be straightforward. Indeed, the marginal expected shortfall components
present the building blocks of the allocation. However, the latter has to also account for the nonlinear
aggregation across the individual expected shortfall computations.

Definition

The internal model capital charge IMCC is given by [11, page 24] (cf. also [13, pages 171f], denominated
as expected shortfall risk measure ES therein)

IMCC = pIMCCy + (1-p) )_IMCC, (5)

where the sum is over the broad risk-factor categories (BRC) b = {IR, FX, EQ, CR, CO}. The expressions
for IMCC,, of each BRC and the fully diversified IMCCr (collectively referred to as «unconstrained
expected shortfall measures» UES in [13]) are given by

IMCCy = ESy, g B, on

(6)

where y € {T} U b and the index x of the partial expected shortfall contributions ES),, (denominated as
PESin [13]) indicates a specific risk factor set (R..reduced, F..full) and a specific time period (C..current,
S..stress). The current regulation draft [13] provisions a flooring of the ratio EScr/EScr to 1. Since, in
practice it is extremely unlikely that this floor will ever come into effect on a bank’s top level, we omit
this peculiarity.

Finally, each partial expected shortfall ESy x is given in the form

ESyx=1\/Y_ ShESyxn

which mirrors, and therefore can be addressed by leveraging on, the example function X in Appendix
A2,

Homogeneity

We first confirm the homogeneity of (6)
ESy cr(kw;)
ESycr(kw;)

kES (w;)

(24) y,CF (Wi

= kES () ——
PSREE kESy,cr(w;)

IMCCy(kw;) = ESysr(kw;)

= kIMCC(w;)
whereby the homogeneity of (5), which is only a sum of the former, directly follows
IMCC(kw;) = kIMCC(w;).

Both expressions are homogeneous of grade 1.



Euler marginal

Due to the Euler theorem, the contributions IMCC), can be decomposed as

0IMCC,(w;)
mce, = Y1 'w—0- "
y Z awi
0IMCC, OES,,
- Tul GG
where b
—Esy’gi x=SR
0IMCC, ESy s
_— = TR x=CF
—_ X =
y’SRES;CR
and, cf. Appendix A.2,
0ES X (25) ShES \x,h
LR s MESy, x ni

ow; B n WiESy x
such that the decomposition is

OIMCCy s, ESyx
IMcC == MESy, b,
a ZZZ OESyx  ESyx bt

and, thus, the marginal contribution is found as

OIMCCJ/ ShESy,x,h

mIMCC,,; = MES, x hi- (7
»t ;% OESy,:  ESyx yome

Due to its additive nature, the marginal of the full IMCC w.r.t. some element i is then given by

mIMCC; = pmIMCCr,; + (1 - p) Y mIMCCy;. (8)
b

Discussion

While for capital allocation purposes mIMCC; is the relevant marginal, monitoring and analyses efforts
may find the base-level marginal contribution mES),  ,; to a specific ES run quite helpful. Also the
intermediate marginals provide quantitative insight into the regulatory charge. For example, the
additive nature of marginals can be used to determine the contribution of a specific liquidity horizon
by selecting one h and, instead, summing across all i in Egs. (7) and (8).

With regard to the computational effort it is worth noting that the marginal is the product of a
number of prefactors and the base-level marginals of the element under consideration. Since the
prefactors are computed from existing top-level results and are static and equal for all elements i,
while the base-level marginals have to be determined for each element separately, the actual effort
lies with the latter. Still, since the PL strip does not need to be sorted, the computation of a base-level
marginal actually requires less effort than the computation of a standalone figure. Consequently, the
overall computational effort of computing marginal measures turns out to be much smaller than the
effort to compute standalone figures for the same elements.



4. Non-modellable Risk Factors (IMA NMRF)
Definition

The Scenarios of Extreme Stress (SES) capital charge for NMRF is determined by [9, page 65]'

SES= /> 1c(r)SES?+) (1 -1¢(r)) SES; 9)
r r

where r iterates over all NMRF and 1¢(r) is the indicator function determining whether a NMRF is
within the set C of NMRF associated with idiosyncratic credit spread risk. Only the latter, and possibly
also idiosyncratic equity risk [11, page 10], may be aggregated using a zero correlation assumption,
i.e. using a square root of sum of squares.

In the following we assume that the stress tests for the NMRF r are computed in a similar fashion as
currently consulted in [14], namely, as PL valuations of a predetermined risk factor stress shock

SES, =) PLi(r —r'). (10)

In the — numerically extremely demanding and, thus, at the time of writing appearing very unlikely —
case that SES; are determined by full revaluation of all risk factor scenarios and a subsequent appli-
cation of a risk measure on the obtained top-level PL distribution, this additional level of complexity
needs to be accounted for as well in the computation of the marginals.

Euler marginal

The allocation is straightforward since the Euler allocation can be employed without effort. For NMRF
not in C the aggregation is an addition of stress tests, the Euler allocation of which is trivially an
addition as well. For NMREF in C the aggregation, the allocation of a square root of sum of squares is
discussed in Appendix A.2 and can be applied here similar to the IMCC in Section 3.

Leveraging on Eq. (26) the marginal contribution of element i is then found as

SES
mSES; =) |1c(r) 5 .
r

7S + (1 —1Tc(r) | SES;,; (11)

where the single addends are the marginal contributions mSES,.; of the element i to the single stress
tests SES,. Hence, the marginal contribution mSES; of a single stress test r to the overall SES charge
can be found by summation across all individual contributions i instead of r.

Discussion

As for the IMCC, the marginal is simple sum of a static prefactor, computed from top-level measures,
and a element-specific base-level marginal which in this case is trivially the standalone SES charge
with respect to the NMRF under consideration.

For the credit risk factor aggregation the top-level SES; charges for the various credit risk factors
have to be available for the computation of the prefactor. It is prudent to thus save the SES; ; of the
elements j until the SES; are available and compute the marginals then (simple multiplication).

For non-credit risk factors the mSES; ; are given by the SES; j, no additional computation is neces-

sary.

1Compared to the reference, the notation was slightly modified without any change to the meaning. In [13, page 187] the
capital charge is denominated as stress scenario risk measure SS;.



Extension to multiple stress tests

Where a bank chooses to compute multiple stress tests for a certain risk factor (set), of which one is
chosen according to some criteria, the outcome of these criteria needs to be saved on top level and
applied as a decision rule in the computation of the marginals.

Consider, for example, the case that two risk factor shocks (upward/downward) are predetermined
and the one with the larger loss (more negative PL) on top-level is chosen, i.e.

SES,

1 l

min { Z SES;1,i, Z SES;» }

min , {ZSESr,L,-,ZSES,,M } (12)
i i

in Eq. (9) instead of (10), where we have already substituted the minimum function by a deterministic
decision rule min,, which is fixed on top-level for each considered risk factor r. The marginal SES is
then still given by Eq. (11) but with element-wise SES,; replaced by

SES,; = min, {SES; 1 SES;2,i}.

Clearly, this is not limited to only two shocks and also the selection/decision logic can be more
complex. In this way, the marginal computation can also be carried out for more advanced approaches,
e.g. the one proposed by the EBA [14, Art. 247].

5. Internal Default Risk Charge (IMA DRC)

The IMA DRC capital charge is based on a VaR, i.e. percentile, risk measure. Recalling the results of a
prior investigation w.r.t. the allocation of the historical VaR [17], in such a case the allocation weights
should be derived from an alternative risk measure.

In said investigation, it was found that, while the incremental VaR yields allocation weights with
wrong convergence properties, the weights obtained from an ES on the same (or, for stability, a
reshuffled?) PL strip show converge correctly to the analytic limit. In addition, the incremental VaR
figures are not additive and require an ex-post rescaling which gives rise to frequently occurring,
extremely high allocation weights. The marginal ES is additive per se and the ES weights can be used
directly to allocate the VaR. Finally, it was found that the achieved stability increase by enlarging the
number of included scenarios (by adjusting the ES confidence level) slows down and even inverses
beyond the 12.5%/87.5% level.

The IMA DRC charge is measured as 99.9% percentile of the loss distribution. Assuming a normal
distribution this corresponds to an ES with confidence level 99.738%°. Assuming that the final IMA

2In case of the IMA DRC, the number of scenarios is far greater than in the case of the historical (stressed) VaR. Therefore a
reshuffling of the scenarios is not necessary.
3Assuming anormal distribution (WLOG transformed to zero mean) having arbitrary o, we obtain from

ES=(1-a) ! (U\/ﬂ)_lf

VaRy

o0

L exp (—IZ/ZUZ) dt=(0-a) to/V2rexp (—VaR(Zx/ZUZJ L VaRg

with VaRy = 0@~ ! that for a VaR confidence level of § = 99.9% an ES with confidence level of a = 99.738% yields exactly
the same result. Dependencies on the standard deviations cancel. While deviations from normality could be accounted
for by adjusting the ES confidence level obtained above, we estimate the impact of such correction on the ultimately
derived marginals to be negligible.

Alternatively, instead of using a fixed ES confidence level based on distribution assumptions, the confidence level could
also be determined dynamically for each date from the observed PL distribution such that ES(x) = VaR(99.9%). However,
the continuous change of the confidence level would increase the variability of the obtained marginals.



DRC will use one million scenarios, a common choice for current IRC models, this means that the
tail average is averaged from 2,620 scenarios which — in most cases — should well suffice for stable
marginals.*
Employing the ES correspondence, the IMA DRC marginal for any element i can be computed as
IMA DRCtop—level

mIMA DRC; = mES;.
EStop—level

6. IMA Final Aggregation

The final capital charge for approved desks is given by aggregation
Ca = max (IMCC;_; + SES;_1, mcIMCCayg + SESayg) + max (IMA DRC,_1,IMA DRCayg)

where the IMCC/ SES average is taken across the 60 last business days as opposed to the 12 last weeks
for the IMA DRC [13, Article 325bb].

The marginal computation is straightforward. As in the previous cases, the max function is converted
to a decision rule whether on top level the last day’s value or the average are chosen for IMCC/SES
and IMA DRC, respectively. The average and the additions are fully linear, so that the marginal C4 for
element i is given by

mCa; = max™CC(mIMCC; _1 + mSES; ;—1, mcmIMCC; ayg + MSES; avg) +
max ™A PRC (1 IMA DRC; -1, mIMA DRC; avg) -

Part Il.
Standardized Approach

7. Sensitivity-Based Approach (SA SBA)

All SBA measures are computed threefold for three different correlation scenarios (low, mid, high). For
each contribution, the highest of the three computed scenario charges contributes to the top-level
SBA charge. For the purpose of brevity, in the following we do not differentiate the three cases. The
computation of the marginals can either be performed in parallel to the computation of all three
scenarios (and the relevant marginal set shown) or for just the relevant one ex post (corresponding to a
decision rule for the maximum operation).

Here we present the marginals for the various SBA components. For a better understanding of
the mechanism, the derivations of partial marginals (with increasing complexity) are given in the
Appendix.

7.1. Delta Charge

For the delta charge the weighted sensitivities WS (= risk factor capital charges) are pre-aggregated to
bucket capital charges K} using

np np
Kp = max{O, Y WSih+ > ) pkbthSkhWSIb} (13)
kp=1 kp=11p#kp

4 Alternatively, the percentile could be determined employing a Harrell-Davis estimator [18] instead of the usual one. This
would allow for a rather stable quantile marginal, however, still more unstable than the ES marginals.



with the exception of the «Others» bucket m of the credit and equity risk classes which is pre-aggregated
using

nm
K= 3 (W
k=1

The delta capital charge is then obtained as

Delta = JZ(K;,)%Z > YbeSpSc+ K

b=1 1 c#b;c#m
= VZ(Sp)+ Ky

where the quantity Sj, is determined depending on the argument Z of the square root as

5= {Sb Z(S},)>0(A) a4

max {min {}." | WS,,Kp},~Kp} Z(S}) <0 (B)
where §, =37 WSy,
For our purposes, we rewrite the regulatory formula as

\/Z(Sb) +Km

Z(Sp) = ZK2+Z Y YbeSpSe
b=1 c#b;c#m

np np
K, = Jmaxlg{o, Y WS+ Y pkblbWSkaSlb}

=1 7 Kp=11y7ky

Delta

Kn = Y maxs {Ws, ~WSk,}

km=1
S, = s’@Z(Z(sb))+maxg{mms{s’,Kb} —Kp} (1-0%(Z(S))))
S, = Z WSy,

kp=1

WSk, = Zwkb,PWSkb:P
p

where sensitivities from elements (e.g. trades or portfolios) p with weights w are shown explicitly. All
inhomogeneous components have been replaced by decision rules (being fixed at top level) so that the
expression is homogeneous with grade 1.

The decomposition with regard to element j and risk factor i (belonging to bucket b;) is given by

0Delta(w,-,]-)
awi,j

Y (1-6 )aDelta 0Z(Sy) 0Ky, 9Z(Sy) [0S, as), , 9Su, 0Ky,
b bim 0Z(Sp) | 0Kp, Ow;; 0Sp, 65;7[61111',]' 0Ky, 0w;,

LJ
ODelta 0K,
6Km aw,’,j

Delta

Z 1_1w,-,]-

i,j

+W;,jOp;m



where the derivatives are

oDelta 1
0Z(Sp) 2/ Z(Sp)
oDelta 1
0K,
0Z(Sp)
— = 2K;.
0Ky, b
0Z(Sp)
= 2 YbicS
0Sp, c;sbiz;c:#m o
08y,
asfn - oz (Z(S’b)) + maxii {minii {1,0},0} (1 -0 (Z(SZ)))
b;
OShi _ axS {mins 0,1} _1}(1_92 (2(sp))
0K, b b ’

682}}
L= WSy
ow;j, b
= max,, {1,-1} W§S; ;
ow;,j mt PWSLJ

and thus the marginal (setting w; ; = 1)

with

It is notable that, similar to the IMA marginals, the computation of the Delta marginals is a mere
multiplication of the element- and risk-factor-level WS; ; with an applicable prefactor. Since the
prefactors P; are based on the top-level K;, and WS; aggregates, they are identical for all WS; ; on the
same risk factor i and only a limited number of prefactors needs to be computed.

For validation, when applying for the FX risk factor class (K, = S, = WS;, Z(S}) >0, no other bucket

P;

mDelta; ; = P;(Delta,K;, WS;) WS; ;

1
(1=86m) Delta - K, {

max {0,(Wsi+21hi#ipilb,~ WSlhi)}

+ Z YbiCSC
c#bj;cEm

0% (2(s) + (1-0% (2(5}))) |

max;gi {minii {1,0},0}

+max2i {minii {0, 1},—1}1%% (maxlbi {0, (WSi + 20, #i Pily, WSlb[)})])}

+8p,;m maxk (1,-1)

m, no max g, flooring necessary)

1
mDeltai,j = m { WS; + ;7 Ybicsc} WS,"]'
C#D;

10

~ = — 0, WS; + i1, WS WS; i
dw; Ky, (maxbi{ ( l lhiz;eipllbi lbi) }) "



expression (28) as derived in Appendix B is retrieved.

7.2. Vega Charge

Vega sensitivities are aggregated using the formula as delta sensitivities; only a different correlation
has to be employed.

7.3. Curvature Charge

For the curvature charge the individual curvature risk charges CVR are pre-aggregated to bucket risk
charges K}, using

Kp = max{O Zmax(CVRkb,O) + Z > pk . CVRkbCVRIbq/kblb(CVRkb,CVRlb)}
k=1 kp=11#ky

where

1 otherwise
yx,y = {

0 x<0Nny<0

The curvature charge is then calculated using

-1

3

T
Curvature=,| > K2+

IIM

Y VoSuScW(Sp Se) + K
c£b;c#Em

where S, = Y7 1CVRkb and K, = ¥, |CVR,,|> As in the Delta case, there is a fallback to Sj =
max s, {ming, {S}, Kp},—Kp} in case the argument of the square root is negative.

The expressions are largely equivalent to the Delta case with the exception of the added function y.
In order to ensure homogeneity, as in the other cases, this two-dimensional step function needs to be
replaced by a decision rules fixed at top level.

Equal to the Delta case, we rewrite the most common regulatory workflow in precise terms, replace
the max/min/abs/®© functions as well as said ¥ by decision rules and add the weights wy, , to the
sensitivity contributions of elements p and risk factor kj:

vV Z(Sp) + Km

-1
Z(Sb) = Z K2+ Z Z chsbscwbc

Curvature

=1 b=1 c#b;c£m
K, = {o Z maxK (CVRy,,0)2 + Z > pk i, CVRkbCVRZbu/k zb}
kp=1 kp=11p#kp
Nm
km=1
Sp = S,07(Z(S}))+ max; {min${S; Kp},-Kp} (1-07(Z(S})))
np
SQ) = Z CVRg,
k=1

SW.r.t. the “Other” buckets in the Curvature, the regulation is unfortunately not very precise and certain assumptions need
to be made - which we did in a rather conservative fashion, mirroring the Delta workflow: aggregate the absolute values
and allow no diversification with the remaining buckets.

11



CVRkb = Z wkbrpCVRkb!p
p

so that the decomposition with regard to element j and risk factor i (belonging to bucket b;) can be
given in a formal way as

OCurvature(w; ;)

Curvature = Y 17'w;;
0Curvature (9Z(Sy) 0Ky, 9Z(Sy) [0Sy as,, , 9Sn, 0Ky, ))

= i i(1—0p.
%M/l,] ( b,m) 0Z(Sp) aKbi awi,j aSbi aslbi aw,-,j aKbi 611),',]'

oCurvature 0K,

+w,~,j6bim

5Km aw,-,j
with the derivatives
OCurvature 1
0Z(Sp) 2/Z(Sp)
OCurvature )
0K, -
0Z(S
9Zp)  _ Hp,
0Kp, !
0Z(Sp) z
—— = 2 ) YneSeyy,
681):‘ c#£bi;cEm ‘ i
0Sy, .
o = ©7(2(s))+ max) {min§ (1,01,0} (1-67(2(5}))
b;
0Sp, S ;S Z /
" max§ {min$ 0,1},-1} (1-07 (Z(})))
0K _ 1 [ maxK {0 CVR;+ Y pi1, CVR;, w& | }|CVR;;
0w;,j Ky, "l l lbi;éipllbi Vi "
oS,
L = CVR;;
6wl~,j "
= 1,-1}CVR; ;
awi,j max,, { } i,j

Again, a (solely risk factor i-dependent) prefactor can be extracted and the marginal computed as a
simple product of WS; ; and the corresponding prefactor:

mCurvature; ; = P;CVR;;

1
P, = (1-64,) ——m——
! ( bi m) Curvature — K, {

maxi {0, (WSi + 21, #i Pily, WS, Wflbi)}
+ Z YbiCSCWbZic(
c#bj;cEm
07 (2(s}) + (1-07 (2(s}))) |
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max} {min3 {1,0},0

+max*2i {min‘gi {0, 1},—1}%}5 (maxlbi {0, (CVRi +Zlbi¢ipilb,- CVRlbi wf(lbl)})])}

+8p,m maxk (1,-1)

8. Residual Risk Add-On (SA RRAO)

Opposed to common conception, the RRAO is not purely additive. This is due to the absolute value of
the sign-sensitive notional being taken on top level.

If i is the index of the RRAO-relevant instruments and RW; and N; are their assigned risk weights
and notionals, respectively, and ¢; the index of trades on instrument i, the RRAO is given as

RRAO = )

1

)" max; {RWiZNti,—RWiZNti}
i L ti

)" max; {1,-1} RW; Ny,

i,t;

RW;) N,
ti

where, as usual, the absolute value is replaced by a decision rule fixed on top level.
Consequently, the RRAO marginal of any trade ¢; on instrument i is given as

mRRAOl»Z. = max; {1,—1}RW1'N);I.

where max; {1, —1} remains as indicator of the contribution of instrument i to the overall add-on.

9. Standardized Default Risk Charge (SA DRC)

Also for the default risk charge component of the standardized approach, the aggregation formulas are
homogeneous as long as the max/min functions are treated as in the above cases. As a consequence,
Euler allocation can be used.

9.1. Non-securitisations

Basis of the SA DRC computation is the (maturity- and LH-)weighted jump-to-default WJTDyg, 4 which
is given per instrument ¢, issuer/obligor g; (being part of bucket b) and per position in portfolio r.

In a first aggregation step the WJTD are aggregated depending on the seniority of each instrument’s
debt

W]TDZI; = Zzwgb,q,rW]Tng,q,r'ﬂ{sen[:sn}» (15)
q T

WITD = 33" g0 WITDi B o
q T

where “sn” refers to senior, “ns” to non-senior issues and we have already inserted the weights wg 4
for the decomposition (ultimately being set to 1).

In a second step net long/short WJTD by issuer across seniority are computed in a conservative
aggregation, where short positions are only recognized if they refer to (i.e. protect against default of)
the same or lower seniority than the long positions.

netWTDg™ = ©WJTD)OWITDE) {WITDF + WITD: |

b
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+OWITDE) (1 - O(WITD)) max {0, WJTD + WITD': | (16)
+(1-0WITDZ))oWITDES) {WITDE: |

netWJTDS" = (1-O(WITD})(1 - O(WITDR)){WITD: + WITD}: |
+OWITD)(1 - O(WJTD:)) min {0, WITD: + WITDE: |
+(1-0WITDZ))e WD) {WITDS! |

In the third step, determining the capital requirement by bucket cry, the net long/short WJTD by
issuer are aggregated across issuers and a rating-specific risk weight is applied
} 17

n etW]TD short

cry = max{O,ZRng netWJTD "8 — WIS, R, sh
8b

8b

permitting a certain bucket-specific amount of diversification given by

¥ g, netWJTD "8
WS, = o (18)
¥ g, netWITD"® + [netW] TDZor
i.e. the ratio of the bucket’s overall long exposure to its gross long and short exposure.
Finally, the total capital requirement for non-securitisations is given as sum across all buckets
tcrnon_sec = Z Crp. (19)

b
For the computation of the marginal we need to replace the © functions in Egs. (16), the max/min
function in Egs. (16) and (17) and the absolute values in Egs. (17) and (18) by top-level decision

sn Qns netWJTD ;- netWJTD cr cr short _ short _ WS
rules G)gb, G)gb, maxg, /min g, , max; and max g {netW]Tng , netWITng } = maxg,

{netW]TDg;O“, —netV\UTDsg};O“}, respectively.
After the replacements, fcrmon-sec is homogeneous with grade 1 since a factor k applied to all weights
can be pulled through all terms to finally give an overall factor k.

To identify the marginal we decompose the total capital requirement in the sense of the Euler
theorem formally as

OICTmon-sec

-1
[CTnon-sec = Z 1 wj,i,pT
Jiip Wi,
Z Wi OfCTnon-sec acrbj " acrbi G‘N‘Sbi
- LLp 1 1
ip dcryp, 0netWITD].Ong OWS),, 6netWITDjOng
Abj,f

anetW]TDljong OWJTDS" anetW]TDl;mg oWJTD?®
+
GW]TDj.n ow; i p OW]TD?S 0wj ip

dcry, acry, OWS,,.

J

+
anetWJTDj.hort WSy, anetMTD;hort

S )

-~
Brjj
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anet\/\i]TDj.hOrt OWJTD" anetwlTDj.hOrt OWJTDY®
+
aW]TDi.n 0 wj,,-'p GWITD?S aw]"i,p

%

where we make use of the fact that risk factors j strictly contribute only to the capital charge contribu-
tion cry, of that bucket b;, which they are assigned to.
The terms are

OICron-sec

= 1
dcryp,
acry, C aw .
pmes AL
J
L = WS, RW,; max¢ {+1,—1} max?" {0,1}
OnetWjTDshort b jtth b; 1
j
acrbj - _ ZRW netW]TDShort maXcr (+1,-1} maxcr{() 1
OWS, i 8b; g T b;
J
2
OWS, LW, W,
A rlong 1
anetWITD]."ng Zghj netW]TD;bI;g
2
WS, Wis?
peppmmrr o max | (+1,-1)
netWJ i Zghj netW]Tngj
long
OnetWJTD,
- J - YT +e™(1-0™ netWJTD
GWITD 00} +65"(1- 07) max* ™ {o,1}
long
onetWJTD.
Tl ansL @Sh(1_@nbs netWJTD
oWITD™ 01 +0%"(1-07%) max 1™ {o,1}
OnetWJTD3 " netWJTD
— _ sn sn _ ns .
—swrmor = (1-97)+ 07 (1-0) min; {o.1}
J
AOnetwWJTDshort
—wyror— = (1-O7)(1-0) +67(1-05) minj o, 1}
i
6WITD3.n
ow; ; = WITDj,i,p - Tisen;=sn)
Jip
OWJTD?S
ow;; = WITDj,i,p - Tisen;=ns}-
Jiip

The marginal contribution of instrument i w.r.t. issuer/obligor j and the position in portfolio r is
thus given by

Pj.nW]TDj,,-,p sen; = sn

Jhp P}*WJTDj,;p sen;=ns

micrionsee = {

P = 4y (0500 + 0% (1-07) maxiM fo,1})

J
+By,;((1-0) + 65 (1-0%) min ™ {o,1})

J
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J

+By, j(1-05)(1-07) + 05 (1-01) min 1™ {o, 11,

PEo= 4y (0% 405 (1-0%) maxi W™ fo,1})

The prefactors can be computed once, for each issuer/obligor j and each seniority sn/ns, and applied
subsequently for any allocation to instruments, portfolios or other hierarchy levels.

9.2. Securitisations

The default risk for securitisations is very similar to the non-securitisation component. The difference
concerning the computation of the WJTD (no application of the LGD), a mere input for the computa-
tion of the marginals, is not relevant. However, the computation of the netWJTD is more restrictive
in that only exactly the same tranches may be offset. In this way a consideration by seniority is not
necessary for securitisations. Let g, therefore, here, be a distinct tranche of a distinct pool being part
of securitisation bucket b, then

W]TDgh = Zzwgh,q,rWITDgh,q,r’ (20)
q r

long _
netwJTDy, max {0, WJTD, | 21

netWTDE™ = min {0, WJTDg, }

Note that the Basel [9, Art. 160] permits to offset tranche replications (i.e. where a collection of
tranches of a pool replicates another tranche of the same pool). To include, such combinations need
to be saved in the computation of the full charge and the marginals adjusted by including a respective
decision rule.

The computation of crj,, WtS;, and, ultimately, tcr°°¢ mirrors the non-securitisation workflow. There-
fore, following the same steps as therein, we can assume homogeneity and decompose as follows

otcr.
fCTsec = Zl_l”’f”"”a ==
jip Wi,j
B Z ” OfCrsec
- Jip
OnetWJTD'*"8
Ocrp, . Ocrp, OWS, netWJ i OWJTD;
onetWJTD'™ ~ OWSy,; anetwyTD'?"® OWJTD;  Owj;p
A )
. dcry, N acry, WS, (3HEtWITDj-hOIt OWJTD;
kanetW]TDj.hO” oW, aneﬂ/\/]TDj.hOrt OWJTD;  Odwjip ||

J

-

By, j

The expressions Aj,,; and By, ; as well as the (trivial) derivative dtcrsec/dcrp, remain identical with the
replacement of non-sec with sec. The remaining derivatives simplify

long
onetWJTD
J —  maxetWITD {0’ 1}
OWJTD Ji J
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dnetwJTDshort
J — min ?etW]TD {0’ 1}

aW]TD].
OWJTD ;
i A WITD,;
awj',i,p
OWJTD ;
——— = WD},
0w]~,,~,p

so that the marginal contribution of instrument i w.r.t. distinct tranche j (of a distinct pool) and the
position in portfolio r is given by

eC
mtcrj.’i'p

Pj

P;WITDj i p

tWJTD : tWJTD
Ap, j max? {0, 14+ B, min2WIP fo,11,

where the prefactor is again to be computed only once for each relevant tranche.

10. Conclusion

In the preceding chapters we formulated marginal measures for all components of the new market risk
capitalization framework. For the vast majority, these are based on the Euler allocation. The marginals
are found to have a very simple structure as product of a common prefactor and the standalone
contribution of that element of which the marginal is being sought. This reduces computational cost
considerably in contrast to e.g. an incremental measure.

A corner stone of the marginal derivation is the replacement of inhomogeneous functions with
homogeneous decision rules. These are fixed at the computation’s top level and the fixed decision is
then valid for all levels of the marginal computation.

For the Internal Model Default Risk Charge, which is based on a Value-at-Risk-based at a high
confidence level, an alternative approach is proposed which allows for stable marginals even in this
challenging setting.

At the time of writing, the FRTB regulation is not fully fixed, neither are the respective implementa-
tions into national law. Where regulatory requirements change, adjustments to the marginals become
necessary. Where such changes do not fundamentally change the charges, the demonstrated concepts
and tools should allow for a straightforward derivation also of changed regulatory expressions.

Part Ill.
Appendix

A. The Euler theorem - Examples

A.1. Example 1: Expected Shortfall

As first example we first consider the vanilla expected shortfall ES=) ;e;PLs/ Y ; es where s indexes
the scenarios, e; = 1¢-1(s<confidencelevel i the tail indicator function (we assume that PL is a gain
distribution, i.e. losses carry a negative sign; the indicator is determined on top level) and ®(s) is the
cumulative distribution function which yields the percentile of scenario s.
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In order to apply the Euler principle, we split the overall PL =} ; w; PL; into its component contribu-
tions PL;, formally weighted by factors w; (could e.g. be interpreted as the component notional values
but in case no preference is desired can be set to 1), such that

ES = Zs esZi wiPLs,i. 22)
2ses
We directly see that homogeneity of degree 1 (linear homogeneity)
ES(kwPL) = kES(wPL) (23)
holds.
From the Euler theorem we obtain the decomposition
OES(w )
ES = Y1'w
)3 S
— Z w; =58 St ZS eSPLS i
i l 2ses

= ) mES;.
i

Where, in the last step, the addends of the sum are identified as the marginal contributions, i.e.

2sWi esPLsz
2ses

The marginal of component i is the tail average across the component’s PL contribution to the overall
tail scenarios.

While, this decomposition could clearly have been inferred from Eq. (22) directly, this straightforward
example reveals much about the mode of action of the Euler principle.

mES; :=

A.2. Example 2: Square-Root Aggregated Expected Shortfall

As second example, we consider the square-root of sum of squares, as appearing in the IMCC aggrega-

tion,
= /ZShESZ,
h

where the ESj, are e.g. the partial expected shortfall results for various liquidity horizons /. The scaling
factor s;, depends only on the liquidity horizon h and can, for our purposes, be regarded as a static
factor.

While the square is homogeneous of degree 2, the square root of sum of squares is homogeneous of

degree 1:
X(kw) = /) spES}(kw)
@ /Y k2s,ES, (w)

= kX(w) (24)
Thus, the Euler theorem can be applied in a straightforward fashion

= L17w

OX(WI)

i
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y 0X  0(XjsnES}) OES),
= w;
i la(Zh ShES%l) O0ESy, ow;
1 —-1/2
Y wi-= -Y_ Sp2ESp-
; 2 7
spESy,

= Tx 2 s, (25)
i h

mESh, i

1

% shES:

such that the contribution from component i can be written as

mX; :=Z

h

spESy,

mESh, i

or even more granular as
ShESh

th,i = mESh,i. (26)

The marginal contribution of a single liquidity horizon can be found by summation across all
components i

_ suESy, _ snES;

Z mESy, ; e

i

mXy,

The result is not surprising: a simple rule of proportion where each liquidity horizon is weighted by
its contribution to the square root. It underlines the purposefulness of the Euler theorem, that, for
simple and clearly laid out problems, its outcome is not only numerically consistent but equally simple
and mirroring the mathematically intuitive result. For more conclusive arguments on the correct
convergence of Euler marginals we refer to [17].

B. Derivation of SBA marginals

In order to better outline the mechanism, in the following, we first derive partial marginals and
increasing the complexity step by step. At first we consider the FX asset class and go from marginals
per risk factor to marginals per risk factor and element. In a second step we address the other asset
classes, where we also introduce the treatment of the “Other” bucket.

B.1. FX

We first consider FX as here each bucket K}, represents only one exchange rate, i.e. the bucket K, =
WSy, = S’b =: WSy, (there is no sum since there is only one WS per currency bucket).

Case (A) Assuming case (A) in (14) we thus have

Delta = \/Z(wb WSp)2+ Y Y Yo w, WSpwe WS,.
b b c#b

Indeed, the expression is homogeneous of grade 1

Delta(kw)

\/Z(kwaSb)z +Z Z Yockwy WSpkw, WS,
b b c#b

kDelta(w)
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which allows to write

6Delta(w,)
Delta = Y 17'w————
elta Z ow;
= Z 2w WS + Y yic WS w WS, + Zyb,wbwsbws)
2De1t i b
—Zw wiWS2+ Y i WS;we WS
= Delta i c;él'}’lc iWe c

Setting the w; to unity we find the marginal contribution of currency i as

mDelta; = —— WS+ yicWS; WS, 27)
' Delta 7 .

which impresses by simplicity.

It is worth noting one peculiarity: one may intuitively reason that a hedging contribution (WS <
0) may lead to issues when computing the marginal from the square root expression without sign
protection in the second part of the argument. One might suspect that the argument of the square root
in the expression for the marginal could become negative. However, this is not the case. As observed
before, the aggregation function-specific scaling is contained in a prefactor while the representation
of the fundamental quantity to be scaled follows as simple product from the inner derivative which
does not contain any ambiguities such as a square root of a negative quantity. This is a feature of the
homogeneity.

Case (B) The fallback case (B) is selected in Eq. (14) if the argument of the square root in case (A)

would be negative. For FX this case does however not occur®.

Multi-instrument/multi-portfolio marginals We now consider the case where the weighted sensi-
tivities stem from multiple origins (e.g. multiple instruments/trades or multiple portfolios). Since the
weighted sensitivities are computed by simple addition, this is straightforward. Let p, respectively g,
index the elements of the lowest aggregation level, e.g. instruments, and j the single element for which
the marginal is sought, then

Delta = Z(Z wp,, WS, ,,)(Z Wh,gWShg)+ D D Ve (Z wp,, WS, p) (Z We,q WS, q)

b c#b p

and

dDelta(w;, ;)
Delta Wwijj——Fs——

; ow;,

Il
2

wi,j
; m( (; Wi, p WSiyp) WSi,j + WSi,j (Zq: wi,qWSi,q) +

> YieWSij (Z We,q WS, q) + ) Vbi (Z wp,p WS, p) WS; 1)

Cc#1 b#i p

Z Delta 7

WS; j (Z wi,, WS;, ,,) +) YieWSij (Z wcpwscp))

61t can be shown that the term can only turn negative for y > 1.
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Z Delt

i

WS; jwiWSi + ) yicWS; j wcwsc),
C#1

so that the marginal delta of instrument j and currency i is given as

mDelta; ; Delta

WS;, jWS; + éy,-cwsi, jwsc)
C#1

Delta

WSi+ ). y,-CWSC) WS;, ;. (28)
c#£I

The derivation is fully analogous to the previous case. Since the result is a product of WS and prefactor,

the same prefactor is obtained and the WS is decomposed into its multiple components.

B.2. IR and other asset classes

For IR and the other asset classes both aggregation steps need to be performed, i.e. the weighted
sensitivities of currency b have to be aggregated to bucket level (Eq. (13)) before the K}, are aggregated
to the Delta charge as in the FX case.Let p, respective g, index the elements of the lowest aggregation
level, e.g. individual trades, and j the single element for which the marginal is sought, then

2
Kb(w)Z\] maxb{O Z (Z Wk,,p WSk, p) + Z Y. Phy, (Z ka,pWSkb,p) (Z ka,qWSIb,q)}-
P q

kp=1 ky=11,#kp

The decomposition is given by

0Ky (w; 1)
Zl_l wi,j—b <
i Gwi,]-

Wi
ZZK (maXb{O ZWSZJ(szpWS p)+2 Z pllbWS i,j (ZwlprSlbr )})

lb;él

Kp

W
Zfl (maxb{o, w;WS; jWS; + ) p,-lbwsl-,jwlbwslb}).
i b Ip#i

and thus the marginal found as

1
mKy Fb (maxb{o, w; WS; j WS; + Z pi, WS, jwy, WSy, })

Ip#i

% (WSi+ X4, 0i1,WS;,) WS;,; monzero top —level contribution
0 otherwise

“Other” buckets The delta charge of the other classes is equivalent to the computation for IR with
the only difference being that for CSR and EQ an «Other» bucket m also contributes, the Kj, of which is
given by

Ny, Nm
Km = Z |WSkm| = Z max{WSkm,—WSkm}
k=1 k=1

where the maximum function is again translated to a decision rule max,, which is determined on risk
factor k;, level. The marginal of a weighted sensitivity WSy, ; of a risk factor kj, from an element j
within the «Other» bucket is then given by

mK;,, = max,{1,-1} WSkm,]-
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_ WSkm,j WSkm =0
_Wskm,j WSkm <0

Note that the weighted sensitivity has no influence on the max decision rule and can, thus, be extracted

from it.
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